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Equation of a Circle with Centre (a, b)

The equation of a circle with centre (a, b) and radius r, can be given by
x—-a?+ @y -Db?=r?

To find out if a point lies inside, on or outside a circle you must substitute the x and y values
into the equation.

If (x — a)®> + (y — b)? < r? the point lies inside the circle.

If (x — a)®> + (y — b)? = r?the point lies on the circle.
If (x — a)®> + (y — b)? > r? the point lies outside the circle.

Examples
C-01 Write down the equation of the circle with given centre and radius
(@) (2,1); 7 (b) (-4,2); 3 (c) (5,—4); diameter = 3
(o) (x-z)‘JrQ-!)l: L9 (b) (1+“)1+(5~1}L'— 1 o (x«?)ﬂ-(gu,u)z
(x-5)"#(y +y)?
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C-02 State the centre and radius of each of these circles
(@) (x + 1% 4+ (y — 12)2 = 40
(b) (x —3)% + (y — 4)? = 225

(a) (ENTRE (_—I)l')_> Radivs = JTE
= ‘}_Jl_é

(v ewRe (3,4)  gadws = s
= S

C-03 Find the equation of the circle that passes through the point (2,5) and has a
centre of(—1,2).

CENTRE (-!-Jl) RADwWS = JUF"JZ*(BI“J')L
= J'I?.*("N"'@_l)l_
= 1+

= {13

CRLLE

(e+ 1) +(y-2)"= 13

n




C-04 Given (x — 3)? + (y + 2)? = 100 is a circle, does A(9,-6) lie inside, on or outside
the circle?

SUBSTITUTE x=19 y=- 6
(1-3) r ew2)’

= (é)'l. J‘(_LA-L
= 30+ b
= b2
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General Equation of a Circle

The general equation of a circle is given by

x2 +y2 +29x + 2fy +¢c =0

with a centre of (—g,—f) and radius \/g% + 2 — ¢
This is given in a formulae sheet!

Note: For a circle to exist then g2 + f2 — ¢ > 0

To find out if a point lies inside, on or outside a circle you must substitute the x and y values
into the equation.

If x2 + y2 + 2gx + 2fy + ¢ < 0 the point lies inside the circle.

If x2 + y? + 2gx + 2fy + ¢ = 0 the point lies on the circle.
If x2 + y2 + 2gx + 2fy + ¢ > 0 the point lies outside the circle.

Examples

C-05 Do these equations represent circles?

(@) x2+y2—6x+2y—-2=0
(b) x2+y2+2x -2y +9=0
(R) 9L+]{'L—C va) 3ﬂ,_kp'}._c_
-6 0] - 2) = ()
= -7
=12

1 12> 0 So THis 1S p CIRCLE i B =7 <0 so T IS W B uktﬂ




C-06 State the centre and radius of each of these circles
(@) x2+y2—8x — 10y +3 =0

(b) x2 +y2 —4x + 6y —5=0

(a) 29=-% U=-D c=3
g:-4 {2 -F

"

evree  (4,5)  Ravog

VEuebs)y -3

= 338
(b) 'Zj:‘4 2{-:5 C=-§
-2 fo3
7 Cenme (1,—3) RADWS =\ (-2)+(3)"- (5)
= (3
=3z

C-07 Acircle x? + y? + 4x — 2y — 84 = 0 has a diameter AB. If A is the point (—10, —4),
find the coordinates of B.

cesrne = (-2, )

B=(~1+s)l+§)

:(5)6)

C-08 Given x? + y?2 — 8x — 10y — 8 = 0 is a circle, does A(1,—2) lie inside, on or outside
the circle?

)(,1'1-L]1— Sx—!Oj-'ﬁ
(1) + 2y~ 80)- b(2) - 8
l +4+ - 8 +20-8

9

"

]

W

1920 S Powr # LIES ouTsE THE CLRCLS (




Circle in Context

Examples

C-09 The circle x> + y? + 2x — 14y — 15 = 0 cuts the x-axis at points A and B, and the
y-axis at C and D. Calculate the length of AB and CD.

(LTS X AX1¢ WM Y=o Cuts Y pos  wien x =0

YRR S FUR E ~ uIl—NH_Hh:O
(x +5)x-3)=° (y=18)0y+1)= e
Xx=—-% x=3 Hzlg 9=

lenstH AB = gJ ENLTH = Iél

C-10 Circle C1 and C; are concentric. The larger circle has the equation
x? + y? — 4x — 6y — 68 = 0. The radius of the smaller circle is half that of the larger
circle. State the equation of the smaller circle.

LARGE CIRCLE

29= - Y=-t C=-63 centke (2,3 ) CoN LENTRAC  CIRCLED
- HAVE GaME LENTRES
9:.—1 %"3

SmalL CIRCLE

RADIVS = %x‘{
(ENTRE (’2_)3) = 2
1
RADwS = [ )+ (-3)P—C 67) EaoTon . 8 (ﬁ )‘z 3)
S (’)(.-?_) -+(IJ-'3) = I 1 t’f
= q

C-11 Circle C1 and C; are identical. C4 has a centre (0,0) and a radius of 6 units.

Circle C; passes through the origin and its centre is on the y-axis. State both
possible equations for circle C,.

e, (x-o) *ly-6) = %6

xr e (y-¢) =26
oR
‘J!-l+(tj+é)l= 36
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Points of Intersection with a Straight Line

There are three possibilities for the point of intersection between a circle and a straight line:
* the circle and line intersect at two points

the circle and line intersect at one point (tangent)

the circle and line do not intersect

*

*

This is similar to quadratic roots: two distinct roots, one repeated root and no real
roots.

To find points of intersection we substitute the equation of the straight line into the circle and
solve.

Examples

C-12 Find the points of intersection of these circles and lines

(a) x2 +y%2 =10;y = 3

(b) x2 +y2 +2x -2y —11=0;5y —x+7 =0
(c) x2 + y2 —8x —4y — 20 =0;y = 3x + 10
(d) x2+y2—-8x—-10y -8 =0y = —2x — 5

(a) r* 4+ (3)" = o Pox (1,3) aw (-lﬂﬂ

xt+ 9 = p

X =

')c'—'ﬁl
() Sy-xr7:o (59+7)+ y*+2(Sye7)-2y -1l = @
Sy +7 = =0

'Z‘J_H'l-i"loLj + 49 4 lle: lolj'kll'l"?-ﬂ‘

1 -0
ey y=-1 x> SE1) T Ly™ + 18y + 52

! 16(111+’53+1)"'D
WHEY Y=-2 32 §(-2) +7 1’°C‘d+l)@“)lo
=-3 y>-2 y=-l

(e T




(c) X+ (3x+:o)1v?x w(r(’f;x+to)—20 =

A+ Gy + bOx +100 = o~ Il -40 -20=2

02> x Gox + fo =0 whew xz-1 ys3(2)Fe
10(>¢1+L;x+q.):o - 4
'0(7C+’L)[2L+L):O 1?0(: (-?.,'-k}

Y

y:’fmﬂ@ 15 A ThNGENT
@ 2o (—u-sj"— Fr - fo(-—lx—‘ij -§ =0
x4 Ut 20y +26 - Fx t Wx +50-F=©

By + e + 61 =0

b= Gac
= M- kxExb)
= -2%b bZ~4ac < O
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Tangents to a Circle

A tangent is a straight line that touches a circle at one point. At this point, the radius of the
circle and the straight line are at right angles.

To find the equation of a tangent follow these steps:

* calculate the gradient of the radius (centre to POC)
calculate m;
* substitute POC and m, intoy — b = m(x — a)

Examples
C-13 Find the equation of the tangent to these circles at the given points:
@ x2+y?2—4x —2y—3=0;(43)

b) -2+ -67=29(23)

(@ (evtee (2,1)

e yebealeo)
=Nl
H 9—-3: -2 -I-l+
= 5: -+
ml:-l
(b) Centre (2,6 ) y=3
M = Undefined
m= 0

L



C-14 Show that the line x + 3y — 11 = 0 is a tangent to the circle
x? + y? + 2x + 12y — 53 = 0 and find the point of contact.

;\:=-39+ll ) )
4w 33)-N=0
~-53=0 b
(“33+ll)2+ 52 + l{—’%-}-[ﬁ)ﬁ-llj 3 o iu-o
ollj"'—ééa-i-lll +kj"'——é|j+‘),2.+-]’l\j‘53:‘a -1 =0
|Oljl—' EOH + %0 = 0

x=7

lo(y-by 1) =° h" e
o(y-3)y-3) = °

ﬁ;v;m—,o RooT So mnﬁ&‘“ﬂ

e

C-15 Find the point of intersection, P, of the tangents to the circle

x* + y? — 8x — 4y + 10 = 0 at the points A(1,1) and B(5,5) and prove that AP = BP.
centee (4,2

My = BT My = Yo~
My =20, Hop— K
= -7 = §-7
o <
= L =3
3
[j—l'-%(%-!) lﬂ'gi‘—z(y_:\
'j“:L)f.*l- Y- 5z oxmls
5 3 \j:%?t-*'.ﬁ
=1 +
EE T
Pont P 2x-10=)yxy+ % y = 3(L) -1
3 3 :fL
~ Y%= x +12
T P (4,2)
Faz 32
xh
Ap = Jiowpr ooy 8f = [(E- )t tlE-0)
= \I—ITJ = m

9?=5?=\h—ow




Intersecting Circles

To determine whether or not two circles intersect we compare the distance between the two
centres, d, and both radii. There are five possibilities:

*

The circles meet externally at one point. The distance B
between centres is equal to the sum of the radii. f/ NN

d=mr+717 \ 4
The circles meet at two points. The distance between _
centres is less than the sum of the radii. 7N
d < T‘l + rz I.I..\‘-\____ /_,-"

The circles don't meet. The distance between centres
is greater than the sum of the radii.

d>1r + 1,
The circles meet at one point and one circle is inside
the other. The distance between centres is equal to TN
the difference of the radii. (7N
d - T‘l - rz
The circles don't touch and one circle is inside the other. TN
The distance between centres is less than the difference VRN

of the radii.

d< T1—T2

Examples

C-16 Determine how, if at all, these circles intersect:
@ x*+y? +16x +8y —320 =0; x> +y2+8x + 2y —47 =0
b) x? +y2 —8x +6y —11 =0;x%> + y> +4x — 10y + 4 =0

() x>+ y2—2x+4y — 14 =0;x> +y2 +4x — 10y + 27 =0



@ ¢ (-%-4)

Cy° ('h,'ﬂ
YERIEEE ? (- 320) fy= \[L"-})i*(ﬂﬂi‘(‘w)
= 20 = 8
listance between centres = JltWL-Lr))LJr(HM—EI))l
= J 16 + 9
= g

Ciptie Gy 15 INSIE (ROE C
AND THERT ARE ho Pk of (oMTAET

(b) ¢, = (4,-3)

—
=
|

s (—1, b’)
(B )y Tl

\)37’ '-\E';
< ¢ = 5

distamce between  Conbres

= J G- (eo-5y
: ‘) %+ 6l
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€y &= (]}’2) 63_3(“)_)15)
Cory ental) - Fy (= @) +(-5)- 2
- m (:l.t‘}g\ = \ri (_:l.14—|>

disdanie bebwmn conkees = | (1-12))" #(2)-5)°

= 1+
= ﬁ{(ﬂ.mj
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Summary
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Points of INTERSECTION / TANGENCY ¢

EquATion of A CIRCLE

Sulstilute eq'uah;n o} \ime wio N
e | wse Atservmimtnk ol fosullant
q’v\aa(m{';(,

'fm*'fé{iiiw ¢ =0 % C)/ O /
N = y “J ‘
Where cant(e (-9, §) @ v -Yoc >0 b*-Yac =9 br-Lac < O
. to 5
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Do TWo CIRCLES ToIACH?

L caleulde €, ad T,

- .u,-L Y
- §w\°\ ,ca\cu\a\e didramce bokween (awties (})
3 (ompale
r > d (s d oty < A
s 3 O
owt touck
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