Higher : Vectors

A(—3,4,-7),B(5,t,5) and C(7,9, 8) are collinear.

&
o (a) State the ratio in which B divides AC.
=
N (b) State the value of .
Ans | (a)4:1 (b)t=8
The diagram shows a triangular prism ABC,DEF.
- = —
AB=t,AC=uand AD =v.
D
(@4
—
o
e 0]
—
o
AN
%
(a) Express BC in terms of w and t.
M is the midpoint of BC.
_}
(b) Express MD in terms of t, w and v.
Ans | (@) -t+u (b) —1t - 1u +V
2 2
N Vectors a and b are such thata=4i—-2j+2k and b=-2i+ j+ pk.
(@4
2 (a) Express 2a + b in component form.
[e0)
—
& (b) Hence find the values of p for which |Ea +h| =7.
6
Ans | (@) | -3 (b) p=-2,p=-6

4+p




—1 -7
Vectors u and v are defined by u=| 4|and v=| 8

-3 5
(a) Find u.v.

2018 P2 Q2

(b) Calculate the acute angle between u and v.

Ans | (a) 24 (b) 66-4° or 1-16 radians

5 3
Vectorsu and vare | 1| and | —8 | respectively.
-1 6
(a) Evaluate u.v.
(b)
Lo
(04
—
o
S
b= u
N
T
3

T
Vector w makes an angle of 3 with u and |ﬂ'|:~Jr§.

Calculate u.w.

Ans | (@) 1 (b) 45




— —
In the diagram, PR =9i+5j+ 2k and RQ =-12i—9j+ 3k.

Q

Lo
(@4
AN
oY
S
&
R
ﬁ.
(a) Express PQin terms ofi, j and k.
The point § divides QR in the ratio 1:2.
—
(b) Show that PS =i—j+4k.
(c) Hence, find the size of angle QPS.
Ans | (a) -3i-4j+5k (b) i—j+4k (c) 456°
Three vectors can be expressed as follows:
%
FG=-2i—-6j+ 3k
_}
o GH=3i+9 -7k
—
o —>
9 EH=22i+3j+k
I
. —
(a) Find FH.
[ n %
(b) Hence, or otherwise, find FE.
Ans | (@) i+3j—4k (b)—i-5K




(a) Aand Care the points (1, 3,—2) and (4.—3, 4) respectively.
Point B divides ACin the ratio 1 : 2.

Find the coordinates of B.

ﬁ,
(b) KAC is a vector of magnitude 1, where k>0,

2016 P1 Q11

Determine the value of k.

Ans | (@) B2, 1,0) (b)kzé

The picture shows a model of a water molecule.

@ 0
\o/

Relative to suitable coordinate axes, the oxygen atom 1is positioned at
point A(-2, 2, 5).

Ln
& | The two hydrogen atoms are positioned at points B(-10,18,7) and C(—4, —6, 21)
o | asshown in the diagram below.
S
c(—4, —6, 21) B(-10, 18, 7)
A(-2,2,5)

— —
(a) Express AB and AC in component form.

(b) Hence, or otherwise, find the size of angle BAC.

-2 -8
Ans | (@) AC=|-8| AB=|16 (b) 1043°
16 2




I
Z 5| Vectorsu=8i+2j—kand v=—3i+1j — 6k are perpendicular.
T}
§ & | Determine the value of t.
Ans [t=9
Vectors p, g and r are represented on the diagram as shown.
+ BCDE is a parallelogram D
+  ABE is an squilateral triangle
« |pl=3
+  Angle ABC = 90"
r /s
(o}
o
N
o
= :
Lo
—
o
N
0
N
A 7
p

(a) Evaluate p.(g+r).

ﬁ
(b) Express EC in terms of p, g and r.

— =
(c) Given that AE.EC = 94/3—2 | find |r]|.

9
2

Ans

33

cos30°

@45 O -a+prr © -




The points P, Q and R are collinear.

2
—=
P is the point (-1, 6, 4), O is the point (2,0, 13) and QR = | —4|.
8 Calculate the ratio in which Q divides PR. 6
a
o | A 2:3
—
o
N B 3:2
C 3:5
D 5:2
Ans | B
_ - — [ — =
Given that the point R1s(3, -1, 2), RS=| 1 | and RT'=3R5,
-3
o find the coordinates of 'T'.
—
© 7
& | A (21D
9
S B (3,4,-11)
C (92,-7)
D (9,4,-7)
Ans | C
2
5 —b
Vectors u and v have components | 0 and 0 respectively.
t —10
Here are two statements about u and v:
o
o (1) when t = i, U is a unit vector
-l 3
o
L0 (2) when ¢t = 1, u and v are parallel
o
~ Which of the following is true?
A Neither statement is correct.
B  Only statement (1) 1s correct.
C  Only statement (2) 1s correct.
D Both statements are correct.
Ans | D




2014 P1 Q6

-3
Giventhatu=| 1 |and v =

0

—0h
in. 5-
—6

B |-

D |-=5

1
-1
2

, find 21 — 32 in component form.

Ans

2014 P1 Q14

1
The vectorsu =| k| and v =

k

What is the value of &k?

A =6
7
B -1
C 1
6
D 3

—6
2

2

are perpendicular.

Ans




The unit vectors @ and b are such that a.b= = . Determine the value of a.{a + 2b).

[FEY[]

A 2
= 3
(o4
Bl p 4
< 3
—
Q
c Z
3
D 3
Ans | C
The diagram shows a regular hexagon PORSTW.
— — _
PW and P() represent vectors ¢ and ¢ respectively.
P kL Q
u
W R
o
—
o
—
o
= 1 S
~
—
What is SW in terms of « and ©?
A —u-2v
B —u-v
C u-v
D u+ 2o
Ans | A




5Six identical cuboids are placed with their edges parallel to the coordinate axes as
shown in the diagram.
= A
C
<t
(04
N
o
= B(11, 4, 2)
o
~
-
A(B, 0, 0) x
A and B are the points (8, 0, 0) and (11, 4, 2) respectively.
{a) State the coordinates of C and D.
—
(h) Determine the components of CB and CD.
(¢) Find the size of the angle BCD.
0 -3
Ans | (@) C(11,12,16) , D(8, 8, 4) (b)CB=|-8| , CD=| -4 (c) 33.9°
-4 -2

Iff=31+2kand g = 2i +4j + 3k, find |f+ g].
N A v‘ﬁ units
O -
N B V42 units
=
I C J66 units

D 70 units

Ans | C




Given that |a] =3, |b| =2 and a.b = 5, what is the value of a.(a + b)?

S
ol A 11
—
al B 14
2
o C 15
N
D 21
Ans | B
{a) (1) Show that the points A{—7, =8, 1), T(3, 2, 5) and B(18, 17, 11) are
<« collinear.
N
8 (11) Find the ratio in which T divides AB.
o
g (B) The point C lies on the x-axis.
~
If TH and T'C are perpendicular, find the coordinates of C.
Ans | (a) (i) Proof (ii)) 2:3 (b) C(7,0,0)
-3 1
Ifu= 1 |{and v=| ¢ |are perpendicular, what is the value of ¢?
2t -1
~ .
o
— A =3
o
o
s B -2
N
C 2
3
D 1
Ans | A




The diagram shows a square-based pyramid P,QRST.

o — p— i
I'S, T'Q and TP represent f, g and h respectively.

[J
h
=) > - Q
A g
&i = 1{ T
o
[e\]
—
Express RP in terms of f, g and h.
A Af+g-h
B f-g+h
C f-g-h
D f+g+h
Ans | B
3
If u=k| -1 |, where £=0 and u is a unit vector, determine the value of k.
0
Lo 1
— A 2
o :
e 2
S 1
> B —
I 8
¢ L
V2
1
D —
J1o

Ans | D




3
Given that a=|4 | and a,(a+b]='}r, what is the value of a.b?
]
I~
| A L
= 25
N
R —
N 3
C —f
I —18
Ans | D
< A is the point (3, -3, 0), Bis (2, -3, 1) and C is (4, &, ().
o
o . — —
N {(a) (1) Express BA and BC in component form.
N A 3
o i 2 r that coe e T .
I (11) Show that cos ABC = J207 + 6k +14)
90
Ans | @(@) ¢ O - (i) Proof
§ 13
2 1 —4
Given thatp=| 5|,q=| 0 |andr=| 2 |, express2p—q— %r in component form.
-7 -1 0
1
A 4
-13
1
—
O B 11
a
o —13
—
o
AN
5
C 4
-13
5
B} 11
-15
Ans | C




An equilateral triangle of side 3 units is shown.
The vectors p and q are as represented in the diagram.

What is the value of p.q?

< | A o9 p
o
—
alp 2
N 2 =
& q

c L

2
D 0
Ans | B

Given that the points S(—4, 5, 1), T(—16, —4, 16) and U(-24, —10, 26) are collinear,
o calculate the ratio in which T divides SUL
o A 2:3
—
o B 3:2
i
H Bl
g C 2:5

D 3:5

Ans | B
D,OABC is a square based pyvramid as shown in the diagram below.
Za
D(2, 2, 6)
v
c B

- \/
1~ 0
N = -
o M A X
—
—
o
~

O is the origin, D is the point (2, 2, 6) and OA =4 units.
M is the mid-point of OA.

(@) State the coordinates of B.

— —
(b) Express DB and DM in component form.

{c) Find the size of angle BDM.




a26 &06

Ans | (@)B(4,40) (b) DE=%2. , DM=5-2. (c)403°
e §-6¢
2
(Given that u = J and v = , find 3u - 2v in component form.
i 4“'.
A |-1
\= 3/
o £ 4\
Sl B |-4
o
= W11/
o
N ogh
C |-1
(Y
[ 8
D -4
=5/
Ans | D
The vectors xi + 5j + 7k and —3i + 2j — k are perpendicular.
What is the value of x?
o
8, A 0
= B 1
=
o c =
N -
o
D 10
3
Ans | B




The diagram shows a cuboid OPQR,STUV relative to the

P is the point (4, 0, 0),

(3]

coordinate axes,

'
Qis (4, 2,0)and U is (4, 2, 3). v
M is the midpoint of OR. | U323
N 15 the point on UQ such that _ i v N
o | uN=1ua S | T
> e B Q(4,2,0)
a M
= 0
N e P(4,0,0) X
(a) State the coordinates of M and N.
— —>
(b)) Express VM and VN in component form.
() Calculate the size of angle MVN.
% 06 249
Ans | @MO.L0) N@22) (b) ¢-1:, (0= () 767
§-35 §-1
-3
The vector # has components | 0 |
4
Which of the following 1s a unit vector parallel to u?
~ 3. 4
— —_ —
o A si+3 k
—
o
S B -3i+4k
S
N
J .. 4
C —F=i+—F
NG
1.1
D 31++k
Ans | A




D, E and F have coordinates (10, =8, -15), (1, -2, =3) and (-2, 0, 1) respectively.

g {a) (1) Show that D, E and F are collinear.
5 (i1) Find the ratio in which E divides DFE.
o
S
Q (b) G has coordinates (&, 1, 0).
Given that DE is perpendicular to GE, find the value of k.
Ans | (@) )i) Proof (ii)3:1 (b)k=7

2009 P2 Q7

Vectors p, q and r are represented on the A B
diagram shown where angle ADC = 30°,

[t 1s also given that |p| =4 and|g| = 3.
(a) Ewaluate p.(q + r) and r.(p — q).

(b) Find |g+ | and |p—q]|.

Ans | (a) 613 and % (b) |g +7| :¥ . |p-q|=2105
k 0
The vectors 4 =|—-1 | and = | 4 |are perpendicular.
1 k
™
(04
5 What is the value of &?
o
ot A 0
~
B 3
C 4
D 5
Ans | C
E(-2,-1, 4), P(1, 5, 7) and F(7, 17, 13) are three collinear points.
P lies between E and F.
—
O | What is the ratio in which P divides EF?
A 11
©
S| B 12
~
C 14
D 16
Ans | B




In the diagram RST'U, VWXY represents a cuboid.
- —

-
SR represents vector f, ST represents vector g and SW represents vector A.

%
Express VT in terms of f, g and A.

Y
\
“r
N
i
o
E U AR
g RQ .
S P
g
f S
_)
A VT=f+g+h
_9
B VI=f-g+h
-—
C VT=-f+g-h
%
D VIi=—f-g+h !
Ans

Vectors p and q are such that {p| =3, |g| =4 and p.g =10.
Find the value of q.(p + g).

[e0)

o>

et A 0

o

o) B 14

S

N C 26
D 28

Ans

2008 P2 Q2

The diagram shows a cuboid

OABC, DEFG.

F is the point (8, 4, 6).

P divides AE in the ratio 2:1. D
Q is the midpoint of CG. Q4

(d) State the coordinates of P and Q.

() Write down the components of
— —>
PQ and PA.

(¢) Find the size of angle QPA.

4 ]

F(8, 4, 6)




Ans

2-80

200

(2) P(8,04), Q0,43) (b) PO=%4 Pi=50" (c) 836°

(-1,

(-4

2007 P1 Q2

Relative to a suttable coordinate system
A and B are the points (-2, 1, —1) and

(1, 3, 2) respectively.

A, B and C are collinear points and C 1s B

positioned such that BC = 2AB.

Find the coordinates of C.

Ans

2007 P2 Q1

OABCDEFG is a cube with side 2 units, z4 G

as shown in the diagram.

B has coordinates (2, 2, ().

P is the centre of face OCGD and Q is .P

the centre of face CBFG.,

(@) Write down the coordinates of G.

"y

Qe

B(22,0)

(b) Find p and g, the position vectors of points P and Q.

(¢) TFind the size of angle POQ.

A x

N

Ans

200 210
(b) P={1,0=f2

TR

(@)(0,2,2)

(¢) 30°/% radians.




K 1

u and @ are vectors given by =| 1 and v =| 3%° |, where k>0.
k+2 -1
U
3 <)
E ?
3 2
S 3 2
I (@) Ifu.v=1, showthatk’ +3k°-k-3=0.
(3) Show that (& + 3) is a factor of & + 3k — & — 3 and hence factorise
B+ 3k - k=3 fully. 5
(¢) Deduce the only possible value of k. 1
(d) The angle between # and @ is 8. Find the exact value of cos 6. 3
{a) K+ 3k —k -2 =1 and complete
{h)y (R+ 3)k+ 1)(k— 1) stated exphicitly
ANS |y k=1
{(d) cos © =111
P is the point (-1, 2, -1} and Q 18 (3, 2, —-4).
L -
g (a) Write down PQ in component form.
ﬁ
% () Calculate the length of PQ. i
S —
I (¢) Find the components of a unit vector which 1s parallel to PQ. 1
4
(@) PQ=|0
-3
Ans | (&) IPQl=3

() () or (_%)
9 0




D,OABC is a pyramid. A is the
point (12, 0, 0), B 1s (12, 6, 0)
and D is (6, 3, 9).

Za D (6.! 3! 9)

F divides DB in the ratio 2:1. P

(@) Find the coordinates of the // w
™ point F. = 4
o —
= (b) Express AF in component 7 ~
Te} form. 1
S
N C B (12, 6, 0)

O -
A(12,0,0) X
(a) F=(1053)
Ans | =2}
> @ AF:)

The sketch shows the positions of

Andrew(A), Bob(B) and Tracy(T) B(-12,0,9) A(23,0,8)

on three hill-tops.

Relative to a suitable origin, the

coordinates (in hundreds of metres)
Efy of the three people are A(23, 0, 8),
o B(-12, 0, 9) and T(28, —15, 7).
10 In the dark, Andrew and Bob locate
Q Tracy using heat-seeking beams, T(28, -15,7)

— -
(a) Express the vectors TA and TB
in component form.
(6) Calculate the angle between
these two beams.
D W, 1y
(a) 14={15} TB= 15)
Ans 1 2

(b) 50-9° or :889° or 566 grads




Vectors @ and ¢ are represented by two

o sides of an equilateral triangle with sides b
— . .
o of length 3 units, as shown in the Q
o diagram.
8 Vector b is 2 units long and b 1is
I perpendicular to both @ and ¢. pa A
Evaluate the scalar product a.(a + b + ¢).
Ans [D3%
8 A, B and C have coordinates (-3, 4, 7), (-1, 8, 3) and (0, 10, 1) respectively.
o (a) Show that A, B and C are collinear. 3
= _ _ — — 2
S () Find the coordinates of D such that AD = 4AB.
5. (a) )
—p
AB = ( 4 )
_4_
3
— 3 —
Ans AC———(6)=*2"><A
-6
— e
AB and AC have common direction and
common point, hence A, B and C are collincar.
(b) D = (5, 20,-9)
8 P, Q and R have coordinates (1, 3, —1), (2, 0, 1) and (-3, 1, 2) respectively.
N — -
& (a) Express the vectors QP and QR in component form. 2
§ () Hence or otherwise find the size of angle PQR. 5
L (1 . -5
(@) QP={3)QR={1
Ans 2 :
POR = 72-0°
()
&
- Vectors 4 and v are defined by « =3¢+ 2jand 2 = 2 — 35 + 4k. 5
(Df-, Determine whether or not & and z are perpendicular to each other.
S
N
Ans | Vectors are perpendicular.




A and B are the points (-1, -3, 2) and

8 (2,1, 1) respectively.
o B and C are the points of trisection of
S | AD, thatis AB=BC=CD.
N Find the coordinates of D.
Ans | - (8, 3,1
The diagram shows vectors @ and b. b
B | If |a] =5, |b] =+and a.(a + b) = 36, find the
& size of the acute angle @ between a and b.
=
S
~
a
Ans | 56:6°
~ 1 1
8 (@) Ifu=| 7and v =| -2 | write down the components of ©# + 3v and u - Jv.
o
= -2 1
S
I () Hence, or otherwise, show that « + 32 and u — 32 are perpendicular.
4
* n+3v=|1
(@) 1 (h) proof
‘ 4Y (-2 Alternative
Ans , . 11+ 13 o (u+3v)(u—3v)
1 5 3 5
» pu—3v=}13 = }u! — ()‘@‘
3 =—8+13-5=0
=534-9x6=0
) . . U T
PQRSTU is a regular hexagon of side 2 units.
— - = —
8, PQ, QR and RS represent vectors @, b and ¢
= respectively. P S
= Find the value of a.(b + ¢).
S ) .
S
~
Q » R

Ans




2002W P2 Q2

With reference to a suitable set of coordinate axes, A, B and C are the points
(-8, 10, 20), (-2, 1, 8) and (0, -2, 4) respectively.

Show that A, B and C arc collinear and find the ratio AB : BC.

6 2 8
AB=| —9|or BC=|-3|or AC=|-12
-12 —4 -16
6 2
Ans | eg AB=3BClor| -9|=3[=3
—12 —4
e'.g. A_ﬁ, 38_63 have common direction,
B common pt. so A, B, C collinear
AB:BC = 3:1
o
= The point Q divides the line joining P(-1, -1, 0} to R(5, 2, =3) in the ratio 2 : 1.
N Find the coordinates of Q.
S
AN
Ans (3,1,-2)
The diagram shows a square-based pyramid
of height 8 units.
Square OABC has a side length of 6 units.
. ok
8 zlf;e(;,f);)’r(él)t.ldtes of A and D are (6, 0, O D(3, 3)/%2/. y
a C lies on the y-axis.
% (a) Write down the coordinates of B._) B
(h) [l;—ztermine the components of DA and

DB. Oi

A(6,0,0) *
{¢) Calculate the size of angle ADB.




(a) (6,6,0)

3 3
— —5
(b)) DA=|-3| DB=| 3

- —
DA.DB

Ans

() cosADB = r—
DA[DB]

387°

(@) Roadmakers look along the tops
of a set of T-rods to ensure that
straight sections of road are being
created. Relative to suitable axes
the top left corners of the T-rods
are the points A(-8, -10, =2),
B(=2,-1, 1) and C(6, 11, 5). _
Petermine whether or not the
section of road ABC has been
built in a straight line.

2001 P1 Q3

(b) A further T-rod is placed such
that D has coordinates (1, -4, 4).

Show that DB is perpendicular to
AB.

(a) the road ABC is straight

Ans




A box in the shape of a cuboid is
designed with circles of different
sizes on cach face.

z
The diagram shows three of the ‘
< circles, where the origin represents
g one of the corners of the cuboid. The
& centres of the circles are A(6, 0, 7),
S B(0, 5, 6) and C(4, 5, 0).
~
Find the size of angle ABC.
O -
y
X
Ans | 71-5°
VABCD is a pyramid with a rectangular base ABCD.
Relative to some appropriate axes, v
— .
VA represents —7i—13j- 11k
N~
4 —
N AB represents 6 + 6f — 6k
S N :
Q AD represents 8i — 47 + 4k. D C
3
K divides BC in the ratio 1:3.
LK
S A
Find VK in component form, ‘ B
1
Ans -8

-16
N~
o t 2
a For what value of ¢ are the vectors u =[-2 [ and @ =| 10 | perpendicular?
38 3 t
S
N

>
S
wn




A cuboid measuring 11em by Sem by 7em is placed centrally on top of
another cuboid measuring 17 ¢cm by 9cm by 8 cm.

Coordinate axes are taken as shown.

o
(04
AN
oM
o
o
o
~
O
(@) The point A has coordinates (0, 9, 8) and C has coordmates (17, 0, 8).
Write down the coordinates of B.
(b} Calculate the size of angle ABC.
(@) B=(3,2,15)
Ans

(b) 92-3°

The diagram shows two vectors @ and b, with |a] =3 and || = 2+2.
o These vectors are inclined at an angle of 45° to each other.
o | (@) Evaluate (i) a.a
o . a
oy (ii) b.b
& ) a.b
; i e
3 b
o
7

(6) Another vector p 1s defined by p = 2a + 3b.

Evaluate p.p and hence write down |p] .

(a) a.a=9,bb=8, a.b=6

Ans | (B) p-p={(2a+ 3b).(2a + 3b)
|p| > =4a.a + 9b.b + 12a.b

|| =./180




OABCEFGH 1s a cuboid.

With axes as shown, O 1s the origi

n and the coordinates of A, H, G and L arc

(4,0,0), (0,0, 5). (0, 6, 5) and (3, 6, 3) respectively.
K lies two thirds of the way along HG, (ie HK:KG = 2:1).

G (0, 6,5)

AN
(04
AN
o
o~
[
[«B]
£
]
o
7
(@) Dectermine the coordinates of K.
‘ - -
() Write down the components of AK and AL,
(¢) Calculate the size of angle KAL.
(a)
0 0
%
HG=|6]= HK=|4|=K=(0,4,5
0 0
(&)
Ans -4 -1
— —>
AK=| 4], AL=| 6
5 5

(c) cosKAL = Lﬂ—r’—
~/5762

KAL = 26.9°




The diagram shows the rhombohedral
crystal lattice of calcium carbonate.

The three oxygen atoms P, Q and R
around the carbon atom A have
coordinates as shown.

o P QG3,2,2)

P(3,4,0)

Specimen 1 P1 Q5

R R(,4,2)

(@) Show that the cosine of angle PQR is 3. 5

(6) M is the midpoint of QR and T is the point which divides PM in the ratio
2:1.
(1} Find the coordinates of T\
(i1} Show that P, Q and R are equidistant from T.

PQ.RQ
PORY)

{(i1) substitution into
Ans

(@) cosPQR & @ M232) T(310.4)

VS \"Iﬁ(xi % ¥+ (v = )+ (2 — = y

VABCD is a square-based pyramid. The
length of AD is 3 units and each sloping
face 1s an equilateral triangle.

— — —
Al =p, AD=qgqand AB=r.

{a) (1) Evaluate p.q.

Specimen 1 P2 Q5

(i) Hence evaluate p.(q + 7).
ﬁ
() (1) ExpressCl intermsof p, g and 7.

(1) Hence show that angle CVA 1s 90°.




Ans

(a)

(i) 45

(i) 9

(5)

1) p-g-r

(i) CV.AV = p.(p—q —7)
=pp-pilg+r}
0




