AH Topic PP — Methods of Proof Unit 3 Outcome 3.5
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7. For all natural numbers n, prove whether the following results are true or false.

a) n® —n is always divisible by 6.

b) n®+n+ 5 is always prime. 5 marks
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. For each of the following statements, decide whether it is true or false and prove your conclusion.

A For all natural numbers m, if m? is divisible by 4 then m is divisible by 4.

B The cube of any odd integer p plus the square of any even integer g is always odd. 5 marks
2010
8. (a) Prove that the product of two odd integers is odd. 2 marks
(b) Let p be an odd integer. Use the results of (a) to prove by induction that p” is odd
for all positive integers n. 4 marks
12.  Prove by contradiction that if X is an irrational number, then 2 + x is irrational. 4 marks
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16. (a) Prove by induction that (cos@+isin@)' =cosnd+isinné 6 marks
for all integers n > 1. 1"
To.. T
[cos ~—+isin 18)
(b) Show that the real part of o Is zero. 4 marks
cos = +isin -
36 36
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n+2 n 5 )
9. Show that 5 1713 =n", for all integers, n, where n > 3. 4 marks
12. Prove that the difference between the squares of any two consecutive odd numbers is
divisible by 8. 3 marks
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10. For each of the following statements, decide whether it is true or false.
If true, give a proof; if false, give a counterexample.
A. If a positive integer p is prime, then so is 2p + 1.
B. If a positive integer n has remainder 1 when divided by 3, then 3 also has remainder 1
when divided by 3. 4 marks
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13. Let n be an integer.

Using proof by contrapositive, show that if n? is even, then 7 is even. 4 marks
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9. Prove directly that:
(@) the sum of any three consecutive integers is divisible by 3; 2

(b) any odd integer can be expressed as the sum of two consecutive integers. 1
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11. Let n be a positive integer.

(@) Find a counterexample to show that the following statement is false.
n® +n+1is always a prime number. 1
(b) (i) Write down the contrapositive of:

If n2 —2n+7 is even then n is odd. 1

(ii)) Use the contrapositive to prove that if n* —2n+7 is even then n is odd. 3
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10. p=7 =15 therefore not prime. 13. n* =2(2k*+2k)+1 which is odd
n=3a+1 % o ;

\ s , o* contrapositive statement is true

n*=27a"+27a" +9a+1 therefore original statement is (4)
n = 3(9(13 +94° +3a)+1 therefore true. true

2018 9. ayn,n+1,n+2 proof

b)n (n+ 1) proof
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11. a) eg when n=4, n* +n+1=21
which is not prime

b) If n is even then n> —2n+7 is n=2k keN and

odd
(2k)" —2(2k)+7

eg 2(2k* —2k+3)+1 which is

odd since 2k*—2k+3eN

contrapositive statement is true
AND

therefore original statement is
true
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