Sequences & Series
Arithmetic Seq. & Ser.

CAAES Tiemt

Find the formula for the n” term of each of the following sequences and
find the requested term.

(a) 3, 11, 1By 5 Uy

(b) A A SR T

(c) 7, 65, 6,............ s U

Find the number of terms in each of the following sequences.
(a) Y T — , 46.

(b) 50, 47, 44, ....... , 14,

(c) 2, -9, =20, ...... , —130.
-State the values of a and d in each of the following series and find the requested S,,.

@ 4+ 10+ 16 +.......... , S
(b) 15 4+ 13+ 11 #icee v Oags
(c) 20 # 13 +86 Fusunes Si6-

For each of the Arithmetic Sequences, find S, indicated. (Find a and d first).
(&  w=15u =21, S,

(b) u, =18,d=-5, §.

(c) Uy = T U, = 61, S15.

S]O = 120 ’ Szo - 840, fi[’ld S30.

ws =17, 8 =18, finda, d and u,,.

How many terms of the Arithmetic series
28 +24 + 20 + ........
does it take to give a sum of zero ?

The sixth term of an Arithmetic sequence is twice the third tern..
If the first term is 3, find d and the tenth term.

How many terms of the Arithmetic series
1+3+5+...... will give a sum of 1521 ?
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(@) wu,=8n-35, uy=147
() u,=7-5-0-5n, u,=1-5

(b) wu,=11-3n, u;=-34

(@) n=23 ) n=13 () n=13

() a=4, d=6, S, =444
(€ a=20, d=-1, 5 =-520
(@ a=13, d=2, §,=220
©) a=-5 d=6, 5= 555
a=-15,d=6, S =2160

n=0or15 8.

(b) a=133,d=-5, S;s= -72

6. a=0,d=p, uy=95
d=3, uy=30 9. 39terms
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1.

Find the common ratio for each of these Geometric Series.

(a) 1, 3, 9 27, i (b) 12, 6, 3. 15 wsis
(c) 7, 7 007 s (d) 18, 54, 162, .....
1 1 1
. 5, 1, o T e T
(e 225, 1 ®) 2 3 16
() 1; ~1; 15 =1 sen (h) 1, -2, 4, -8, .....

Write down the first 4 terms of these Geometric Sequences :-
@  u,=3"" b u,=32)""

l (n-1)
(C) W, = (5]

Find the required term in the following Geometric Sequences. (Find u, first)

(a) 1,2, 4,..; u (b) 2. 00 185001 B
© 4,12, 36,..; u @ 2, 20,200.,..; u
(e) 11 _2: 4v-- 5 uﬁ (f) 6: 37 3/23"- ) u",‘

Find the formula for the n” term of these Geometric Sequences :- (i.e. find u,).

@ 1.2 4. ®) 3. 6,12, ...
© 2. 6,18, .. @d 9 3 1,..
111 1
4, 2, 1. .. t L 8 L
© ® 238

Find the common ratio and the 5th term of these Geometric Sequences :-

(@) a=6, u, =24 () a=50, u, =400
© a=36, u=-12

Find the sum of each of the following Geometric Series and simplify the
answer as far as possible.

(a) 1+2+4+..to8terms (b) 2+ 6+ 18 + ... to 6 terms.

(c) 2—-4+8—..to5terms (d) 2-6+18—...to 5terms

(e) 1+l+l+...t06terms (f) 1+-1—+—1—+...t05terms
2 4 3 9

(g) l+x+ x> +..tonterms (h) 1-y+ y2 ~ ... to n terms.

Find n if :-
(@) 3+32+3°+3*+...+3"=363 (b) 2+27+2°+2'+....+2" =510
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r=3 ) r='h © r='ho @ r=3
r=2s ® r=1h (g) r=-1 (h) r=-2
1,3,9,27 (b) 3,-6,12,-24, (©) 6,3,30,3,
i, =2"", w; =16 (b) 2x3"", ug =486
u, =4x3"", ug=972 (d) 2x10"", ug=20000
unz(-—z)"—l, g =—32 () éx(%)n 1, u7=3—32-
u, =2"" (b) u, =3%x2""

i 1 n—1 1 n-3
4, =2%(=3) @ un=9x(—§) =(§)

1 n—1 1 n-3 1 1 n-1 1 n
w=0(3) =(z) o w=3x(3) -()

r=%2, us =96

233

(b) r=2, us =800 (©) r=_§, Us =%
(b) 728 (©) 22 (d) 122

= 1-2" 1= ()"
@ 125 ® T ®
(b) n=8
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Find the common ratio and hence state whether the sum to infinity exists.
If the sum to infinity exists find it.

1 1
a | oo dn b 1 #- 2% H
(a) F g (b)
© 4+1+%+---- (d 8+4+2+..
(e) 1-5+25-.... (f) 10-9 + 81 -.
o 4 8
==& =~ h 2+ -+ — +..
(g 5% (h) T+ 3
ANgwgﬁi
1 5
(a) 1‘=%, S.,,=1-2- (b) r=2, S, doesnotexist
1
© r=1 s.=5 @ r=L s =16
4 3 2
. 9 100
() r=-5, S, does not exist ) r=—ﬁ, °°-_-Tg--
1 2 2 _
= e =— h ==, §5.=6
(g) r= 29 Sw 3 ( ) r 3
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QUEST Ll
L. Expand the following in ascending powers of x, giving the first 4 terms.
L +12x s 5 L. i x
2 Expand the following in ascending powers of x giving the first 4 terms.
@ 2 +14x ®) 3 1 X (©) 2 —13x

1+4§ in ascending powers of x as faras x*.  ((1—-3x)x (1+4x))')

3% Expand

ANVSWERS
1 1
1. (a =1-2x+4x*-8x> + ... . 2 3
(a) Py x+4x°—8x" + (b) — 1+3x+9x2 +27x° +...
2 3
. TS .
1 1 il
2. d = - +2 2_ 3
(a) idr 20+20 2 x+2x° —4x +
1 1 2 X
(b) - WLET.E NS W
i 3[1 x) 3 9 27 81
1 1 3x  9x* 27x°

1
(c) = =—4 4+ +
2-3x 2(1-%) 2 4 8 16

24 13

af Tt - 1138 +....
1+4x
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GUAEST 1ent
Evaluate:-
b 20 8
. Yk 2. Q2% 3. Qf2E+s)
k=1 k=1 k=t
4. Y (4k +5) &, > (3k—1)
k=1 k=1
AV SWERS
1. 235
2. 420 3. 96 4. 940 5 155
SIWEST (znr

Simplify (i.e. express in terms of #)

@ S3re2 ® Y5-2 © Xri-r @ S r(rt -2)

Express each of these sums in terms of sigma notation and then simplify
(a) 22 +47 +6° +8 +..+(2n)°
(b) 1x4+4x7+7x10+ 10x13+...+ (3n—=2)x(3n+1)

Building blocks are piled in a triangular pyramid so that the numbers in
successive layers from the top down are 1, 1+2, 1+2+3, 1+2+3+4 ... .

Find the number of blocks in a pyramid with n layers.

HINT: First of all find the nth term.

By obtaining a formula, in fully factorised form, for 22k3 +k? —k in terms
k=1

of nevaluate (2+1-1)+(16+4-2)+.... +(2000+100-10).

1
Express in partial fractions. Hence deduce that
2x-D(2x+1)

n 1 1 1
;(Zk—l)(zkﬂ) - 2( P2n+1]
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AVSWERS

. (a)g(3n+7) (b) 4n—n’ (c)—;i(n+l)(n—1) (d) Z-(n+1)(n2+n—4)

3 (a) i(zk)2 = iw = %}?—(n+l)(2n+1)
k=1 k=1

(b) i(Sk ~2)3k +1) = n(3n’ +3n-2)

k=1

2
5. nth row has % +% bricks in it. Therefore the total number of bricks is

ii+i— n(n+1)(n+2)
“da "2 6 '

6. %(n+l)(n+2)(3n—l). When 7 =10 we get 6380.

1
E_ - 1 . Prove result via “telescopic series” method.
22x-1) 2(2x+1)
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Expand the following functions in ascending powers of x as far as the

power indicated.

1. f(x) = cosx as far as x5. &
3. fix) = sin™
5. fix) — 3% as far as x". 6.

7. f(x) = sin3x as far as x. 8.

x as far as x3. 4.

4

f(x) = tanx as far as x™.

3

f(x) = tan2x as far as X,

X
9.  fx) =In(2 + x) as far as x°. (Hint: In2 + x) = In2(1 + 7)

AMLUER:

GUE S viem

2 4 6
1. _x 5
2! 41 6!
.JC-f-iJC3 4
6. .
1+3x+2x2+2x3+2x4 &
2 2 8
3Jf"2):3+ﬂx5 8.
2 40
2 1 3
In24+—x—=—x"+—x
24
1. ExPand esinx
2.
3.
4.

2x—2x* +§x"| —4x* +

2x+§):3 +ﬁx
15

as far as the term in x*.

Expand e*sinx as far as the term in x°.

Expand In(1 + &*) as far as the term in x

5

4

f(x) = In(1 — x) as far as x*.

f(x) = 1In(1 + 2x) as far as x

5

4

Expand In(1 + sinx) as far as the term in x.

5
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A ERS
1. 1+)c-i-l)«:2—-lx'4 2. x—lxz—flx"—--l—x4
2 8 2 6 12
N x+)c2+lx3—-l-x5 4. ln2+lx+lx2+Lx4
3 30 2 8 192
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GUE ST \UM

(1) Find the term in x * in the expansion of e* (1 + 2x).

.
(2) Find the coefficient of x ® in the expansion of i e

x

e
(3) Find the term in x* in the expansion of e* (1 - 3x).
(4) Find the coefficient of x* in the expansion of (e * - T =2 L)

(5) Write down the power series for In (1 —x).
3

Bywriting1+x+x2 in the form ]—x , showthatfor—-1sx<1,
~%
ln(]+x+x2):x+lx2—~2—x3+—l~x4+lx5——l—x6+ ......
2 3 4 5 3

(6) Expand In (1 + sin x) as far as the term in x ¥,

(7) a) Iff(x) =cos 2 x, show that 7' (x) = - sin 2x . By finding higher derivatives

obtain the Maclaurin series for cos? x up to the term x°.

b) By writing cos® x = % (1 + cos 2x) and replacing cos 2x by a suitable power

series obtain the expansion of cos® x up to the term x °.

(8) Expand e*™* as far as the term in x*

(9) Expand e 23 a5 far as the term inx * .

(10)  Express (1 +x)' "% in the form e/ and deduce the result

(1%—JC)]”=1+:rc+x2+%xJ #izas

x .
as far as the term inx * .

(11)  Expand —
e —

(12) Showthatln(l+e*)=In2+ lx+lx2 ——l-x4 +
2 8 192

(13) Find the power series for In(1 —x — 2x 2 ) as far as x °. Give the domain of
validity.

(14) By expanding (1 +x)~ ! and integrating the resulting series, show that
2 3
In(l +x)=x- Sl L PP
2 3
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Answers
9x* 19x° i 3
1 2 3) - Ay
mI- @ O @
x2 x3 xd
Hin(l-x)=-x- ———— e
S)In(l-x)=-x R
2 3 a
(6)x_f_+f‘__.x_
2 6 6
ooyt
7 ?x=T— 2+£C____
(7) (a) cos” x X T
4 0
(b) cos’ x = l(l+cos2x) b= +x__£)£_
3 45

@)1 +x+ 1 o2
12 36

(9) 38+ 55x +27x" PR
8 30 3

(10) Proof

120
120 + 60x + 20x2 + 5x° + x*

(11)
(12) Proof

(13) -1<x<-0.375; —x~%x2 —%f —4x* —4x°
(14) Proof



