Complex Numbers
Basic Operations

QUESTIOM
| e Express each of the following in the form x + yi .
(a) B+7)+@2+10) (b) O-2i)-(3+1)
(c) (-2 +10)+ (7 -40) d (B+2)+(3-2i)
(e) (2+0)-(=2-1) () (a+ bi) + (a-bi)
(g) (a + bi) — (a - bi)
2. Using the fact that i2 =1,
express i3, 4, 5, ¢ 7, 8 i® and ' in their simplest form.,
3. Simplify
(@) 2ix4i (b) -2i?
(c) i(3 +2i) (d) —i(1- 4i)
(e) 2+)3B+10) ® (6 - 5i)(2 + 3i)
€3] (2 +3)(2-30) (h) (a + bi)(a - bi)
) (a + bi)(c + di) () (a + bi)(c - di)
& A+ )] (1+0*
m) 1+ -i) m) @B+i)2+3-i)}
(0)  (cost + isint)?
(p) (cosA + isinA)(cosB + isinB)
4. Simplify
(a) 2+2-i) (b) (1 =201+ 2i) (c) (5 < )5+ 1)
5. - Simplify and express in the form x + yi
4+ 1 Gy A
b — b i 8
= = s % =
S5+i a+bi a+bi
d bl
@ 3= B W o
10+ 5; 1 COSA+isinA
h .
@) 2—1i ® CosA+isinA ® CcoSA —isinA



Complex Numbers
Basic Operations

ANSWERS
1. (@ 5+8i ) 6-3i © 5-3i @ 6
)  2i ) 2a (g) 2bi
2.  i3=-ii*= L g e, (Pt = 119=1i1%==1
3 (@ -8 b 2 © —2+3i @ ~A-i
) S+5i f)  27+8i g 13 (h) a*+b?
G)  (ac—bd)+ (bc - ad)i G)  (ac+bd)+ (bc - ad)i
(k) -—2+2i m -4 (m) 16-16i () 16
(o) cos2t + isin2t ()] cos(A + B) + isin(A + B)
4. @ 5 b 5 (c) 26
2 1 4 3
- 3 L. 4 3.
(a) i (b) 5 51 (c) 5+ 51
12 5 at-b*  2ab ac+bd bc—ad
y i . .
@ 3t @ ZiE T Eer B FLFE et

(& 3+4i (h) cosA —isinA (i) c0s2A + isin2A



Complex Numbers
Modulus, Argument & Argand Diagrams

&UES Tem
1. Find the modulus and argument of :-
@  1++3i (b) 2-2i © V2-+v2i
d 2 ) 3 0 A3+
(8) -3i (h)y -5 (i) -3-3i

(Lay |\ Alw brew THE ARG Diaaepp)

2. Given that Z,=- 3 + 3V3i and 2, = V3 + i,
(a) (i) find Izll, lzzl, lz[zzl (i) find arg(z)), arg(z,), arg(zlzz)

(b) Repeat for Z;= 3i and Z,= V2-v2i. Whatdo you notice?

3. Given that z, = — 3 + 3¥3; and z,= V3 +i,

@ () findlz, Iz, [3].
%)
(ii)  find arg(z,), arg(z,), arg(fl_).
2

(b) Repeat for Z;= 3i and Zy= V2-+2i. Whatdo you notice?

4. Giventhatz=1+1

(a) 6 find Izl, lizl (ii) find arg(z), arg(iz)

(b) Repeat forz=—V3-i. Whatdo you notice?

5. Giventhatz=1+1¢
(a) (i) find Iz, 17| (i)  find arg(z), arg(z)

(b) Repeat forz=-V3—i. Whatdo you notice?

6. Giventhatz=1+i

(@ () findzz (i)  find lzzl and arg(zz)

(b) Repeat for z=-V3—i. Whatdo you notice?



Complex Numbers
Modulus, Argument & Argand Diagrams

AMFe
1. (@ ld=2 argz) = % (b) Izl =2V2, arg(z) = ——4£
© ld=2,argz) = % ) =2, argx) = 12{
(e) lzl =3, arg(z) =0 63) lzl = 2, arg(z) = _56£
® =3, arg@z) = —g - (h)  ll=5 arg@)=n
() 12 =32, arg(z) = "i—” 4+ (HE(K D ¥Ry,

2. @ O lyl=6lz)l=2lzz)=12

@) arg(z) = 2?” gz = £, arglz,2y) = 5?”

® @ lgyl=3,15l=2lz)=6

@) arg(e)= I, arg(zy) =7, arg(z;i)= =
2 4 4

lz,2,1 = Iz, 1 X Iz, and arg(zyz,) = arg(z) + arg(z,)

3. @ @) lgyl=6lzl=2,|4=3
%)
i) arge)= 2%, arg(z)) = T, arg[ 2| = 7
3 6 % 2
® @ lgl=31=2, |4l=3
| 2

(i) arg(z)=Z, arg(z))=-7, arg| & |= 3%
2 4 ) 4

g

= E and arg[ﬂ) = arg(z,) - arg(z,)
2

IZZI 2

4, @ @ Izl = V2, lizl =V2

. n N O
(i)  arg(z)= ik arg(iz) = r
(b) (1) Izl =2, lizl =2
.. S5 T
(i)  arg(z)=- e arg(iz) = 3
lizl = Izl and arg(iz) = arg(z) + %

or multiplying by i rotates z by -72£ about the origin

[



Complex Numbers
Modulus, Argument & Argand Diagrams

(@ (@)  lzd=v2,1z1=\2
(1) arg(z) = % ,arg(z) = _%

(b)) @ lel =2, ]zl =2

(i)  arg(z) = 5 , arg(z) y

Izl =zl and arg(z) = — arg(z)
or z is a reflection of z in the real axis.

@@ (@ zz=2

(i) lzzl=2, arg(zz)=0
® @ gz =4

(i) lzzl=4,argzz)=0

z7 is always real, Iz z! = IzI2 and arg(zz) =0






Complex Numbers

Loci
QUEST e
1, Find the set of points z, where lzl=2.
2, Find the set of points z, where lz-3I=5.
3 Find the set of points z, where lz+3l=1z-4il
4. Find the set of points z, where Iz 21> 3.
5. Find the set of points z, where lz— (3 +2)l=4.
6. Find the set of points z, where lz—11<4.
74 Find the set of points z, where z-2l=lz+1-1l

2.2 -
1; x“ + y~ =4, acircle centre O, radius 2.

2. (x-3)*+y*=25, acircle centre (3, 0), radius 5.
3. 6x - 8y =7, the perpendicular bisector of (- 3, 0) and (0, 4).
4. (x=2%+y2>9, outsi i i
Y~ >9, outside the circle centre (2, 0), radius 3.
5. @-3P+(y-2)32= i i
(y —2)“ = 16, a circle centre (3, 2), radius 4.
6. (x-12+y2<16 insi i i
¥~ = 16, on or inside the circle centre (1, 0), radius 4.

7. y = 3x - 1, the perpendicular bisector of (2, 0) and (-1, 1).






Complex Numbers
Polar Form

MUES T

@) For each of the following, find Iz] I, lzzl and lzlzzl
(i1) Find also arg(zl), arg(zz) and arg(z 129)
(iii) Hence, find the product of 2,2, in its simplest form each time,

@ ¢ = 2[cos(£) + isin(EJ] z,= 3[cos(£) +isin [_’EJ}
4 4 4 4
() 2, =2[cos (E) +isin (E) ] 2, = 2[cos ( ZE) +isin (E) ]
6 6 3 3
(¢) g =r [cos@1 + z'sinf?l] Z, = 2[00592 + isin 92]

This is the general result.

Write down, using the results from above, Iz,2,1, arg(z,z,) and 42, .-

(a) &G = 3[‘303(3—”J + isin (E{E-J] L= 2[cos(5—]r) + isin(zj]
4 4 4 4
(b) 4 =l[cos (EE) + isjn(%)] - % =2[cos (—I—SEJ + isin (E’E)]
2 1= 15 15 15

(© 21 = 10[cos (_512'_) + 1'sin(§£)] 4= 10[005(1-32) - isjn(gr-)}
9 9 9 9

0] Find lz,1, lz,] and [ﬁ/ each time.
<

(i)  Find arg(z, ), arg(z,) and arg ( i)
%)

(iii)  Find the quotient of <L in its simplest form.

£Y)
@ = 2[cos(£) + isin (EJ ] 2, = 3[cos (E) + isin (E) ]
2 2 4 4
(b) Z = \/Z[cos(f) + isin(.’f)] zy= 2[cos(£) + isin (E)]
6 6 3 3
(c) g =r, [00591 + z‘sin9]] 2y =r,[cos 92 + fsin 92]

This is the general result.



Complex Numbers

Polar Form
4. Write down, using the results from earlier, [%L|, arg| 2t |and XL each time.
2 2 2y
@ z;= 3[cos( ) + :sm( J Z,= 2[005( ) 4 zsm[ }]
2

(b) Z|-2[cos J ( ] z2=%[ ( +:sm(l—)]
511:)

13 . (13
() 2y = 10[cos (—9—5) + isin (—9—”)] 2y = IO[COS( )+ zsm(—g— ]

5. Express each of the following in its simplest form, using earlier results.

B N e
(b) 4[cos(§] + isin(%)] x 2{005(%) + isin(-g)]

©) 20[cos(§) + isin(%)] + [cos [%) + isin (%) ]

C) [cos(-z?x) + isin(%’r)] & 3[cos(§) + isin(%)]

@ ) lgyl=2,1z)l=3,1z2)l=6 (i) arg(z,)= % arg(z,) = f’ arg(z,2)) = ©
2

ANsivEe(

(i)  6[cos” +isin”]
2 2
®) () lgyl=V2,li=2, lzyz)l = 2V2 (i) arg(z)) = %’ arg(z,) = .’35 arg(z,z,) = g
(i)  2v2[cos T +isin )
. 2 2
(c) (i) |zll =T I22I =ry, Izlzzl =riry
(i1) arg(z,) = 91, arg(z,) = 92 , arg(z,z,) = 91 + 82
(i) ryrylcos(0, + 6,) + isin(6, + 6,)]
(a) izlzzl =6, arg(z,z,) = 0, 2,2, = 6[cos0 + isin0].

(b) Iz 125l =, arg(z 22) T, 2,2, = COST + isinT.

(© lz)z,| = 100, arg(z,z,) = 0, 2,2, = 100[cos0 + isin0],



(a)

(b)

(c)

(a)
(b)

(b)

(2)
©

Complex Numbers

Polar Form
M lzl=2lz,=3 4= 2
3
i) argz,) = Z.arg(z) = Z, arg(z_l =% (i) _2_[(:03(_75) +isin(_7_r.)]
2 4 ) 4 3 4 4
G g =2, 1zl =2, |4l = V2
| 2
(i) arg(z)) = T, arg(z,) = T oarg| & [ )(m) V2 [cos( ) +:sm( ”)]
6 3 2 6 6
i) Izl =7, Izl =15 Z|=1
2 n

(i1) arg(zl) = 9]: arg(zz) = 92 , arg —z—l—J = 9] - 62
2

(iii) r]rz[cos(f)1 - 92) +isin(91 - 92)]

3 7T 3 ( n) ( n]
2, —=, =fcos| -= | +isin| —%
2 2" 2 2
72 lzr_ 4c ( )+zsm(——1m)
15 15
3, eor( ) +n(’5
1, —, cos| — + isin| —
9 9 9

cos (3—7:) + isin[z) (b) 8[cos (E) + isin (E)]
4 4 2 2
b1 n 1 T L. (7
20[cos (_15:) + isin [E)] (d) —é-[cos (g) + isin (E)]






Complex Numbers
De Moivre’s Theorem

ST
(@ Simplify :-
(58 emlZE)r () snl 5 )
(a) [cos 24 + isin 24] (b) [cos 5 +isin| ]

(cos26 +isin 26)°

o 8 _ein mé
©  (cos36+isin36)’ (d)  (cos+ ising)°(cosf - isinG)

(note)
3 Since (cos@ + isin 0)° = cos3@ + isin36, deduce expressions for

cos3@ and sin36 in terms of cos@ and sin@.

§. If z = cos@ + isin@, show that :-

1 1
)] i 2cos@ and  (ii) 722 4+ pe 2¢c0s26

[“ If z = cos@ + isind, then :-
2" = (cos@ +isin@)" = cos(n6) + isin(n6) and

7" = (cos@ +isin@)™" = cos(-nB) + isin(-n6).

_ 170 . o L.
Show that (i) cos(n0)=—2-(z +z ) and (ii) sin(nf) = Z(Z —Z )

QN LR,
| 4. (a) cos (S—ﬁ) + isin(s—n] = —-ﬁ + li
6 6 2
(b) Ccos2T + isin2w = 1

(c) cosf + isin@
(d) cos4 0 + isind @

2\. 0836 = 4cos> 6 — 3cos @, sin3@=3sin@- 4sin3g
3. Proofs
% Proofs



Complex Numbers
De Moivre’s Theorem

BUAE 57 wns
BE\ Cm\g*\mm@ (})mesifm ot (wse«isinbll Xpredt

(e Cos & in kg &y e qnad Siné

(BN Sin 2% in Lyay Ck twr © o Siné
(i bon 26 in  Hm Ot E£a6
A vy
(5 (026 - Sinté
(b 25nb €
{0\ Qb &

\ - bt



Complex Numbers

De Moivre’s Theorem

Shw  bvE
e L - pac
(a\  Sin'& - = "1
F - . om A€
b\ e - Lt Loy
3 [ul
((\ 6 - iwggé* B&(
(d) CO(RZ& N (e _12_\%;16 *,_5;;
€
' 8L sy 1 wslbé
0y S d s L
(A s LyERY
o (en Precst (5 Precx el Prex o PRt

(ql  Breer






Complex Numbers

Roots
Questions:
1. Work out \/T—z
2. Work out m
3. Work out E/i
4. Work out ¥/~1
5. Find the square root of
(a) 3-4i
(b) 21-20i
(© 2i
(d) —24+10i
Answers:

1. 0.2481-2.0153i —0.2481+2.0153i

2. 1.5040+0.2986i —1.0106 +1.1532i —0.4934 -1.4519i

3. 1 0.3090+0.951L -0.8090+0.5878; —0.8090-0.5878i 0.3090-0.9511

($]
~
£

|

N

+

~

N

|
~

(b) 5-2i -5+2i

() 1+i -1-i (d) 1+5 -1-5i






Complex Numbers
Fundamental Theorem of Algebra

(UM

@

(@ x*+4=0 () x*+9=0 () x*+3=0

What would you expect the roots of the following equations to be in terms of i ?

28 Assuming that the normal formula for solving a quadratic equation can be
used, solve the following quadratic equations:-
(a) -+ 2=l (b) xX-4x+5=0
() x*-4x+13=0 (d x+2x+2=0
() 4x?-4x+5=0 () *?+6x+10=0
(g 2x2-2x+1=0 (h) 9x*-6x+2=0

¥ Solve the following equations as fully as you can:-

W xe1=0 ® ¥-1=0
©  x-x?-x-2=0 @ R+ +9)=0
. Simplify - 1-i)x—1+i).

Lt

Hence state an equation which has (1 + i) and (1 —1) as its roots.

ANV WER,
9., (& 2 b £3i © =3
' j 2+3i (d)
0.y @ 1=xi (b) 2= (©) ! o
(e) —;—il (3] =g (2) 5-__2
@3 @ x=1 (b) x=%1%1 () ng_%i;i )
-5 4 B3

'-\-_x2-2x+2andx2—2x+2=0

w ]!
+
W -

x =+ 2i % 3i



Complex Numbers
Fundamental Theorem of Algebra

(SUES A,
e Find all the roots of the equation z3 — 11z +20=0.
2. Verify that z =1 + i is a root of the equation z*+ 3z -6z + 10 =0.

Hence find all the roots of the equation.

3, Verify that z=-2 + 3i is a root of the equation z*+7z2— 12z + 130 =0.

Hence find all the roots of the equation.

4. Given that 2 — i is root of the equation 323 - 1022+ 7z +10=0,
find the other roots.

3

3, Given that 1 — 2i is root of the equation z” +z+ 10=0,
find the other roots.
6. Given that 3 + i is root of the equation z3 - 3z2 —8z+30=0,
find the other roots.
7 Show that —1 + i is root of the equation -2 -2 +22+10=0,
find the other roots.
Prvwres
—4,2 %1 2. 1+i,—1+2i 3. —2+3i,2+6i
-3 2+ 5. -2 1+2; 6. —3,3%1i



