ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Systems of Linear Equations

1. x+y+ z=10
2x—-y+3z=4
X +22=20
1 1]10)\R,
The matrix of coefficientsis |2 -1 3 |4 |R, > R, -2R,

0 2|20) R, —>R,—R,

1 1 1|10)R,
~16| R
-1 1|10 ) R, > 3R, —R,
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1 1] 10)R,
-3 1|-16|R,
0 2| 46 JR,

R, = 2z=46 —= 1=23

R, » -8y+z=-16 = -3y+23=-16 = -3y=-39 = y=13
R, = Xx+y+z=10 = x+12+23=10 = x+36=10 = x=-26
Hence x=-26, y=13 and z =23.

Note

The solutions can be checked by substituting the values of x, y and z into the original three
equations.



2. X+ y+3z=2
2Xx+ y+ z2=2
3X+2y+52=5

The matrix of coefficients is
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R, = z=1

R, = -y-52=-2 = -y-5(1)=-2 = -y-5=-2 = -y=3
= y=-3

R, = x+y+3z=2 = x+(-3)+31)=2 = x-3+43=2 = x=2
Hence x=2,y=-3and z=1.

Note

The solutions can be checked by substituting the values of x, y and z into the original three
equations.



X+y=4

X+2y—z=5
3y—2z=6.
0 |4\R,
The matrix of coefficientsis |1 -1|5|R,>R,—R,
3 -2|6)R,

0 3 -2|6)R, >R,-3R,

0 |4)R,
~1|1|R,
0 1 [3)R,

R, = z=3

R, > y-z=1 = y-3=1 = y=4
R = x+y=4 = x+4=4 = x=0
Hence x=0, y=4and z=3.

Note

The solutions can be checked by substituting the values of x, y and z into the original three
equations.



X - 7=2
2y —32=6
2x +y + z=1
1 -1(2) R,
The matrix of coefficientsis |0 2 -3 |6| R,
21 1]1) Ry>R,—2R,

0 -1| 2R,
2 -3| 6 |[R,
0 9 |-12)R,
4
Ry = 92=-12 = z=—

R, = 2y-3z=6 = 2y—3(—%j:6 = 2y+4=6 = 2y=2 = y=1
RI = X-71=2 = Xx- _4 =2 = x+£:2 = x:g
3 3 3

Hence x=z, y=1and z=—ﬂ.
3 3

Note

The solutions can be checked by substituting the values of x, y and z into the original three
equations.



X+y+z=0
2x—y+z=-11
X+3y+22=0-9

1 1] 0 )R,
1|-1-1|R, >R, - 2R,
3 2|09)R, >R, ~R,

N
|
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The matrix of coefficients is

R, = z=0-5

R, » -3y-z=-11 = -3y-0-5=-11 = -3y=-06 = y=0:-2
R, = x+y+z=0 = x+0-2+0-5=0 = x+0.-7=0 = x=-0.7
Hence x=-0-7,y=0-2and z=0-5.

Note

The solutions can be checked by substituting the values of x, y and z into the original three
equations.



X+y—-2=06
2x—-3y+22=2
-SX+2y—-4z=1

1 1 -1|6)R,
The matrix of coefficientsis | 2 -3 2 |2|R, > R,-2R,
-5 2 -4|1)R, > R,+5R,

1 1 -1| 6 )R,
-5 4 [-10|R,
0 7 -9| 31 )R, »>5R,+7R,

o

1 -1] 6)R,
-5 4 |-10|R,
0 -17]| 85 JR,

o O -

R, = -172=85 = z=-5

R, = -5y+4z=-10 = -5y+4(-5)=-10 = -5y-20=-10
= -5y =10
= y=-2

RRb, = X+y-z=6 = Xx+(-2)-(-5)=6 = x-2+5=6 = x+3=6
= X=3

Hence x=3, y=-2and z=-5.

Note

The solutions can be checked by substituting the values of x, y and z into the original three
equations.



7. X+y—-z= 3
y+z=-2
X-=3z= 7

11 -1] 3R,
01 1|-2|R,
10 -3|7)R, >R,-R,

The matrix of coefficients is

1 1 |-2|R,
0 -1 -2| 4)R, >R, +R,

11 -1]3)R,
1 1 |-2|R,
0 -1|2JR,

o O

|
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|

R, = -1=2 = 1=-2
R, = y+z=-2 = y+(2)=-2 = y-2=-2 = y=0
RRb, = x+y-z=83 = x+0-(-2)=3 = x+2=3 = x=1
Hence x=1, y=0and z=-2.

Note

The solutions can be checked by substituting the values of x, y and z into the original three
equations.



8.

x+y =1

2X+3y+z=2
2Xx+2y+z=1
11 1\R,
The matrix of coefficientsis | 2 2R, >R, -2R,
2 2 1|1)R,>R,—-2R,
1 1)\R,
0 2
00 -1) R,

R, = z=-1

R, = y+z=0 = y+(-)=0 = y-1=0 = y=1
RRk > x+y=1 = x+1=1 = x=0

Hence x=0, y=land z=-1.

Notes

(1) The matrix reduces to upper triangular form after the first set of row operations.

(2) The solutions can be checked by substituting the values of x, y and z into the original
three equations.



X+2y+3z=3
2Xx—-y+4z=5
X—3y+ 2 Az=2

The matrix of coefficientsis (2 -1 4 |5|R, > R, -2R,
1 -3 24|2)R, »>R,—R,

1 2 3 |3)R,
~1|R,
0 -5 24-3|-1JR, >R, -R,

o
|
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2 3 |3)R
-5 -2 |-1|R,
0 0 24-1|0)R,

Redundancy will occur when all the entries in R, are zero.

Hence redundancy will occur when 21-1=0 = 2i=1 = /1:%



10.(a) (i) X+2y—z=-3
4x -2y +3z=11
3X+y+ 2)z2=38

-

2 -1|-3\R,
The matrix of coefficientsis (4 -2 3 | 11 |R, > R, —4R,
3 1 22| 8)R,>R,-3R,

1 2 -1 |-3R
~10 7 |23|R,

0 -5 24+3|17JR, »2R,-R,
1 2 -1 |-3R,
~10 7 |23]R, (%)

0 0 42-1|11)R,

R, = (41-Dz=11 = z-—1_
43 -1

(i)  The system of equations is inconsistent when 441-1=0 = 4i=1 = A= %

1 2 -1]-3\R,
(b) When A =-2-5,the matrixat (*)is |0 -10 7 | 23 |R,
0 0 -11]11)R,

R, = -1z=11 = z=-1

R, = -10y+7z=23 = -10y+7(-1)=23 = -10y-7=23 = -10y=30
= y=-3

RRb, = x+2y-z=-3 = x+2(-3)-(-)=-3 = x-6+1=-3 = x-5=-3
= X=2

Hence x=2,y=-3and z=-1.



11. X—2y+z=-4
3X—-5y-2z=1
—Ix+1ly+ Az=-11

The matrix of coefficients is

1 -2 1
3 -5 -2
-7 11 2
1 -2 1

0 1 -5
0 -3 A+7
1 -2 1

0 1 -5
0O 0 21-8

-11

—4
13
-39

13 | R,

0

R,

Redundancy will occur when all the entries in R, are zero.

Hence redundancy will occur when

A-8=0 = A4=8



12.(a) (i) X+y+z=2
Idx+3y— Az= 4
5x+6y+8z=11

11 1]2)\R
The matrix of coefficientsis (4 3 -1| 4 |R, > R, -4R,
5 6 8 |11) R, > R,-5R,
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1 1 |2)R
0 -1 -4-4 |-4|R, (%)
0 0 -i-1|-3JR,

R, = (-1-)z=-3 = z=——=——
-1-1 2A+1

(i)  The system of equations is inconsistentwhen A+1=0 —= A=-1

1 1 1] 2R
(b) When A =2, the matrixat(*)is |0 -1 -6 —-4|R,
0 0 -3|-3JR,

R, = -3z=-3 = =1

R, = -y-6z=-4 = -y-6()=-4 = -y-6=-4 = -y=2
= y=-2

R, = Xx+y+2=2 = x+(-2)+1=2 = x-2+1=2 = x-1=2
= X=3

Hence x=3, y=-2and z=1.



13.(a) X—y+z=1
X+y+2z=0
2X—-y+az=2

-1 1|1\ R
When a = 3, the matrix of coefficients is 11 0|R, > R,-R,
-1 312)R; > R;—-2R,

N

1 -1 1]1)R,
~1[R,
0 1 1|0)R,—»2R,-R,

1 -1 1(1)R,
2 1]-1[R,
0 0 1]|1)R,

R, = z=1
R, = 2y+z=-1 = 2y+l=-1 = 2y=-2 = y=-1

RR = x-y+z=1 = x-(-D)+1=1 = x+1+1=1 = x+2=1
= Xx=-1

Hence x=-1, y=-land z=1.

1 -1 1 [1)R
(b) When a=2-5, the matrix of coefficientsis (1 1 2 |0|R, > R,-R,
2 -1 2.5[2)R; > R;-2R,

1 -1 1 |1)R,
0 2 1 |-1{R,
0 1 05|0)R,—>2R,—R,

1 -1 1] 1)R,
0 2 1|-1|R,
0 0 0|1)R,

R, = 0=1 hence the system of equations is inconsistent when a =2-5 and has no
solution.



14.(a) x+ y+3z=1
3x+ay +z=1
X+ y+ z=-1

11 3|1 \R
When a =6, the matrix of coefficients is 36 1|1|R,>R,-3R,
11 11-1)R, 5>R,-R,

311 R,

-8 -2 |R,

0 -2|-2)R,

Note that the matrix is already in upper triangular form.

R, =» -2z1=-2 = =1

R, = 3y-82=-2 = 3y-8(1)=-2 = 3y-8=-2 = 3y=6
= y=2

R, = x+y+3z=1 = x+2+3(1)=1 = x+2+3=1 = x+5=1

= Xx=-4

Hence x=-4,y=2and z=1.

[N
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3] 1) R,
1|1 |R,>R,-3R
11-1) R, >R, R,

(b) When a = 3, the matrix of coefficients is

w
= W

11 3] 1)R
-8|-2|R,
-2|-2JR,

o
o O

R, > -2z1=-2 = 1z=1
R, = -82=-2 = z:% which contradicts the value of z found from R,.

Hence the system of equations is inconsistent when a = 3 and has no solution.



Note

An alternative way of determining that the system of equations is inconsistent is as follows.

1 1 3|1}R
When a =3, the matrix of coefficients is '3 3 1|1 R, =R, -3R,
1 1 1I-1}p R -R
11 3 1 “\Rl
0 0 -8|-2|R,
0 0 —-2|-2)R,

11 3| 1)R
Performing the row operation R, - 4R, —R, leadstothematrix [0 0 -8 |-2|R,

0 0 01-6/Rs

R, = 0=-6 hence the system of equations is inconsistent when a =3 and has no
solution.



15.(a) x+ y+2z=1

2Xx+ Ay +z=0

3X+3y+ 92=5
1 1 2|1\R,

The matrix of coefficientsis (2 42 1|0|R, >R, -2R,
3 3 9|5)R, »>R,-3R,

[EY
[EY
N
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H;U

0 1-2 -3 |-2| R, (¥)
0 O 3 |2 )R,
Note that the matrix is already in upper triangular form.
2
R, = 3=2 = z=-—
3
2
R, = (1-2)y-3z=-2 = (l—2)y—3(§j:—2
= (A-2)y-2=-2
= (1-2)y=0
= y=0 [since A =2 andso A—-2=0]
2 4 1
R = x+y+2z=1 = x+0+2§ =1l = x+§:1 = X:_§

Hence x:—i, y =0 and z:g.
3 3

11 2 |1)\R
(b) When A =2, the matrixat(*)is |0 0 -3 |-2|R,
0 0 3 |2)R,

11 2 | 1)\R

Performing the row operation R, — R, +R, leadstothematrix |0 0 -3 |-2|R,
00 0 10)R;

All the entries in R, are zero, so the system contains a redundant equation when A =2 and
has an infinite number of solutions.



16.(a) 2x— y+2z= 1

X+ y—-2z= 2
X—=2y+4z=-1
-1 2 R,
The matrix of coefficientsis |1 1 -2 R, = 2R, - R,

o
w
|
D
w
X
N

All the entries in R, are zero, so the system contains a redundant equation and has an
infinite number of possible solutions.

(b) Let z=t.
R, = 3y-6z=3 = 3y-6t=3 = 3y=6t+3 = y=2t+1

R, = 2x-y+2z=1 = 2x-(2t+1)+2t=1
2X—-2t-1+2t=1
2x-1=1

2x =2

x=1

R

Hence x=1and y=2t+1.



17.(a) 4x+6z=1
2X—2y+4z=-1
—X+y+ Az=2

The matrix of coefficients is

R, = (41+8)z=6 =

4 0 6| 1)R,
2 -2 4|-1|R, >2R,-R,
-1 1 2| 2 )R, 4R, +R,

4 0 6 | 1R
0 -4 2 |-3|R,
0 4 41+6| 9 )R, >R, +R,

4 0 6 | 1\R
0 -4 2 |-3|R,
0 0 42+8| 6 )R,

. 6 3
A41+8 21+4

24+4

R, = —-4y+2z=-3 = —4y+2( 3 j:—3

R, = 4x+6z=1

A=T

U

b v 44l

A

=-3 multiply all terms by (24 +4
21ia [ ply y ( )]

—4(2A+4)y+6=-3(21+4)
—42A+4)y=-3(24+4)-6
—4(21+4)y =-61-18

-61-18 -64-18 64+18 34+9

-4y +

Y= Ta2a+4) —81-16 81+16 4i+8

[multiply all terms by (24 +4)]

421 +4)x+18 =21 +4

421 +4)x=21+4-18

4(2A+4)x=21-14

‘= 24-14 :2/1—14= A-=7
4(24+4) 81+16 41+8

_34+9 d 3

Hence x=

4A+8’y

and z = :
42 +8 24 +4



(b) From the expression z = T34 the system of equations is inconsistent when
+

2+4=0 = 21=-4 = A1=-2
The system of equations is inconsistent when A = -2 and has no solution.

A-7  -2.1-7 -9-1

(c) When 1=-2-1: x= = = =22-75
41+8 4(-2-1)+8 -0-4
y:3ﬂwr9:3(—2-1)+9: 2-7 __6.75
41+8 4(-2-1)+8 -0-4
3 3 3 15

= = = =
24+4 2(2-1)+4 -0-2

(d) When A =-1-9 the solutionis x=-22-25, y=8-25, z=15.
When 4 =-2-1 the solutionis x=22-75, y=-6-75, z=-15.

Comparing the two sets of solutions for x, y and z, we can see that a small change in the value
of the parameter 4 (from A =-1-9 to 4 =-2-1) produces a relatively large change in the values
of x, y and z.

Note

We say that the system of equations is ill-conditioned near 4 = -2.



