
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Systems of Linear Equations 

 

1.   x + y +   z = 10 

2x − y + 3z =  4 

   x       + 2z = 20 

 

 The matrix of coefficients is 
















−

20201

4312

10111

  

 

     
















−

−−

10110

16130

10111

  

 

     
















−−

46200

16130

10111

  

 

 3R        462 =z        23=z  

 

 2R        163 −=+− zy        16233 −=+− y        393 −=− y        13=y  

 

 1R        10=++ zyx        102312 =++x        1036 =+x        26−=x  

 

 Hence   26−=x , 13=y  and 23=z . 

 

 Note 

 

 The solutions can be checked by substituting the values of x, y and z into the original three 

equations. 

  

 

 

 

 

 

 

 

 

 

 

 1R  

 122 2RRR −→  

        133 RRR −→  

    1R  

    2R  

           233 3 RRR −→  

    1R  

    2R  

                                        3R  



2.   x +   y + 3z = 2 

2x +   y +   z = 2 

 3x + 2y + 5z = 5 

  

 The matrix of coefficients is 
















5523

2112

2311

  

 

     
















−−−

−−−

1410

2510

2311

  

 

     
















−−−

1100

2510

2311

  

 

 3R        1=z     

 

 2R        25 −=−− zy        2)1(5 −=−− y        25 −=−− y        3=− y     

                                                   3−=y  

 

 1R        23 =++ zyx        2)1(3)3( =+−+x        233 =+−x        2=x  

 

 Hence   2=x , 3−=y  and 1=z . 

 

 Note 

 

 The solutions can be checked by substituting the values of x, y and z into the original three 

equations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 122 2RRR −→  

 133 3RRR −→  

     1R  

     2R  

                      233 RRR −→  

    1R  

    2R  

                                        3R  

    1R  



3. x + y = 4 

 x + 2y − z = 5 

 3y − 2z = 6. 

 

 The matrix of coefficients is 
















−

−

6230

5121

4011

  

 

     
















−

−

6230

1110

4011

  

 

     
















−

3100

1110

4011

  

 

 3R        3=z     

 

 2R        1=− zy        13 =−y        4=y     

 

 1R        4=+ yx        44 =+x        0=x     

 

 Hence   0=x , 4=y  and 3=z . 

 

 Note 

 

 The solutions can be checked by substituting the values of x, y and z into the original three 

equations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

           122 RRR −→  

         3R  

1R  

2R  

    233 3RRR −→  

1R  

2R  

                                 3R  

                                                1R  



4.   x             −    z  =  2 

          2y   −  3z  =  6 

 2x   +   y   +    z  =  1 

 

 The matrix of coefficients is 
















−

−

1112

6320

2101

  

 

     
















−

−

−

3310

6320

2101

  

 

     
















−

−

−

12900

6320

2101

  

 

 3R        129 −=z        
3

4
−=z  

 

 2R        632 =− zy        6
3

4
32 =








−−y        642 =+y        22 =y        1=y  

 

 1R        2=− zx        2
3

4
=








−−x        2

3

4
=+x        

3

2
=x  

 

 Hence   
3

2
=x , 1=y  and 

3

4
−=z . 

 

 Note 

 

 The solutions can be checked by substituting the values of x, y and z into the original three 

equations. 

 

 

 

 

 

 

 

 

 

 

 

 2R  

        133 2RRR −→  

    1R  

    2R  

           233 2 RRR −→  

    1R  

    2R  

                                        3R  

1R  



5.      x + y + z = 0 

    2x − y + z = 11−  

  x + 3y + 2z = 90   

 

 The matrix of coefficients is 


















−−

90231

11112

0111

  

 

     


















−−−

90120

11130

0111

  

 

     


















−−−

50100

11130

0111

  

 

 3R        50 =z     

 

 2R        113 −=−− zy        11503 −=−− y        603 −=− y        20 =y  

 

 1R        0=++ zyx        05020 =++x        070 =+x        70 −=x  

 

 Hence   70 −=x , 20 =y  and 50 =z . 

 

 Note 

 

 The solutions can be checked by substituting the values of x, y and z into the original three 

equations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     122 2RRR −→  

                                                 133 RRR −→  

        1R  

        2R  

                                                         233 23 RRR +→  

        1R  

        2R  

                                                                                       3R  

                                                    1R  



6.         x + y – z = 6 

   2x – 3y + 2z = 2 

 –5x + 2y – 4z = 1 

 

 The matrix of coefficients is 
















−−

−

−

1425

2232

6111

  

 

     
















−

−−

−

31970

10450

6111

  

 

     
















−

−−

−

851700

10450

6111

  

 

 3R        8517 =− z        5−=z  

 

 2R        1045 −=+− zy        10)5(45 −=−+− y        10205 −=−− y     

                                   105 =− y  

                                        2−=y  

 

 1R        6=−+ zyx        6)5()2( =−−−+x        652 =+−x        63 =+x  

                                                          3=x  

 

 Hence   3=x , 2−=y  and 5−=z . 

 

 Note 

 

 The solutions can be checked by substituting the values of x, y and z into the original three 

equations. 

 

 

 

 

 

 

 

 

 

 

 

     122 2RRR −→  

                                                    133 5RRR +→  

       1R  

       2R  

                                            233 75 RRR +→  

         1R  

         2R  

                                                                                              3R  

      1R  



7. =−+ zyx    3 

       2−=+ zy  

     =− zx 3    7 

 

 The matrix of coefficients is 
















−

−

−

7301

2110

3111

  

 

     
















−−

−

−

4210

2110

3111

  

 

     
















−

−

−

2100

2110

3111

  

 

 3R        2=− z        2−=z  

 

 2R        2−=+ zy        2)2( −=−+y        22 −=−y        0=y  

 

 1R        3=−+ zyx        3)2(0 =−−+x        32 =+x        1=x  

 

 Hence   1=x , 0=y  and 2−=z . 

 

 Note 

 

 The solutions can be checked by substituting the values of x, y and z into the original three 

equations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  2R  

                  133 RRR −→  

     1R  

     2R  

            233 RRR +→  

 1R  

 2R  

      3R  

       1R  



 8.   x +   y       = 1 

 2x + 3y + z = 2 

 2x + 2y + z = 1 

 

 The matrix of coefficients is 
















1122

2132

1011

  

 

     
















−1100

0110

1011

    

 

 3R        1−=z     

 

 2R        0=+ zy        0)1( =−+y        01 =−y        1=y  

 

 1R        1=+ yx        11 =+x        0=x     

 

 Hence   0=x , 1=y  and 1−=z . 

 

 Notes 

 

(1) The matrix reduces to upper triangular form after the first set of row operations. 

 

(2) The solutions can be checked by substituting the values of x, y and z into the original  

  three equations. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 122 2RRR −→  

 133 2RRR −→  

                                 1R  

    2R  

    3R  

         1R  



9.     x + 2y + 3z = 3 

     2x − y + 4z = 5 

 x − 3y + z2 = 2 

 

 The matrix of coefficients is 
















−

−

2231

5412

3321



  

 

     
















−−−

−−−

13250

1250

3321



  

 

     
















−

−−−

01200

1250

3321



  

 

 Redundancy will occur when all the entries in 3R  are zero. 

 

 Hence redundancy will occur when   012 =−        12 =        
2

1
=  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 122 2RRR −→  

        133 RRR −→  

           1R  

           2R  

                233 RRR −→  

          1R  

          2R  

                                                                                                          3R  

 1R  



10.(a) (i)     x + 2y − z = −3 

4x − 2y + 3z = 11 

3x + y + z2 = 8 

 

  The matrix of coefficients is 
















−

−−

8213

11324

3121



  

 

      
















+−

−

−−

173250

237100

3121



  

 

      
















−

−

−−

111400

237100

3121



 ...(*) 

 

3R        11)14( =− z        
14

11

−
=


z  

 

 (ii) The system of equations is inconsistent when  014 =−      14 =      
4

1
=  

 

     (b) When 52 −= , the matrix at (*) is   
















−

−

−−

111100

237100

3121

                                                  

 

 3R        1111 =− z        1−=z  

 

 2R        23710 =+− zy        23)1(710 =−+− y        23710 =−− y        3010 =− y  

                     3−=y  

 

 1R        32 −=−+ zyx        3)1()3(2 −=−−−+x        316 −=+−x        35 −=−x    

                       2=x  

 

 Hence   2=x , 3−=y  and 1−=z . 

 

 

 

 

 

 

 

                                                             122 4RRR −→  

                                                                                                                                                                                                                  133 3RRR −→  

                   1R  

                            2R  

                                                             233 2 RRR −→  

                      1R  

                           2R  

                                                                                                                                                           3R  

                   1R  

             1R  

           2R  

          3R  



11.          x − 2y + z = −4 

      3x − 5y − 2z = 1 

−7x + 11y + z = −11 

  

 The matrix of coefficients is 
















−−

−−

−−

11117

1253

4121



  

 

     
















−+−

−

−−

39730

13510

4121



  

 

     
















−

−

−−

0800

13510

4121



  

 

 Redundancy will occur when all the entries in 3R  are zero. 

 

 Hence redundancy will occur when   08 =−        8=     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

           122 3RRR −→  

                  133 7RRR +→  

            1R  

            2R  

                          233 3RRR +→  

          1R  

          2R  

                                                                                                          3R  

     1R  



12.(a) (i)         x + y + z =  2 

   4x + 3y − z =  4 

   5x + 6y + 8z = 11 

 

  The matrix of coefficients is 
















−

11865

434

2111

   

 

      
















−−−−

1310

4410

2111

   

 

      
















−−−

−−−−

3100

4410

2111



  ...(*) 

 

3R        3)1( −=−− z        
1

3

1

3

+
=

−−

−
=


z  

 

 (ii) The system of equations is inconsistent when   01 =+        1−=    

 

     (b) When 2= , the matrix at (*) is   
















−−

−−−

3300

4610

2111

                                                  

 

 3R        33 −=− z        1=z  

 

 2R        46 −=−− zy        4)1(6 −=−− y        46 −=−− y        2=− y     

                                                   2−=y  

 

 1R        2=++ zyx        21)2( =+−+x        212 =+−x        21 =−x    

                                                     3=x  

 

 Hence   3=x , 2−=y  and 1=z . 

 

 

 

 

 

 

 

 

                      122 4RRR −→  

                                                                                                                                                                          133 5RRR −→  

                   1R  

                            2R  

                                                             233 RRR +→  

                      1R  

                           2R  

                                                                                                                                                           3R  

             1R  

                   2R  

               3R  

               1R  



13.(a)     1=+− zyx  

   02 =++ zyx  

22 =+− azyx  

 

 When 3=a , the matrix of coefficients is 
















−

−

2312

0211

1111

  

 

       
















−

−

0110

1120

1111

  

 

       
















−

−

1100

1120

1111

  

 

 3R        1=z  

 

 2R        12 −=+ zy        112 −=+y        22 −=y        1−=y  

 

 1R        1=+− zyx        11)1( =+−−x        111 =++x        12 =+x     

                  1−=x  

 

 Hence   1−=x , 1−=y  and 1=z . 

 

     (b) When 52 =a , the matrix of coefficients is 
















−

−

25212

0211

1111

  

 

       


















−

−

05010

1120

1111

  

 

       
















−

−

1000

1120

1111

  

 

 3R        10 =    hence the system of equations is inconsistent when 52 =a  and has no  

                                        solution. 

 

              122 RRR −→  

                                                                                                                                         133 2RRR −→  

          1R  

                            2R  

                                                             233 2 RRR −→  

                        1R  

                            2R  

                                                             3R  

                   1R  

                                                             122 RRR −→  

                                                                                                                                                                                  133 2RRR −→  

                                   2R  

                                                                                                                                233 2 RRR −→  

                                   2R  

                                                                       3R  

                    1R  

                       1R  

                        1R  



14.(a)   x +    y + 3z =   1 

 3x +  ay  +  z =   1 

   x +   y +    z = −1 

 

 When 6=a , the matrix of coefficients is 
















−1111

1163

1311

  

 

       
















−−

−−

2200

2830

1311

   

 

 Note that the matrix is already in upper triangular form. 

 

3R        22 −=− z        1=z  

 

 2R        283 −=− zy        2)1(83 −=−y        283 −=−y        63 =y  

                        2=y  

 

 1R        13 =++ zyx        1)1(32 =++x        132 =++x        15 =+x     

                     4−=x  

 

 Hence   4−=x , 2=y  and 1=z . 

 

     (b) When 3=a , the matrix of coefficients is 
















−1111

1133

1311

  

 

       
















−−

−−

2200

2800

1311

   

  

3R        22 −=− z        1=z  

 

2R        28 −=− z        
4

1
=z    which contradicts the value of z found from 3R . 

 

Hence the system of equations is inconsistent when 3=a  and has no solution. 

 

 

 

 

              122 3RRR −→  

                                                                                                                                         133 RRR −→  

                                2R  

                                                                                                       3R  

       1R  

                  1R  

              122 3RRR −→  

                                                                                                                                         133 RRR −→  

                                2R  

                                                                                                       3R  

       1R  

                  1R  



 Note 

 

 An alternative way of determining that the system of equations is inconsistent is as follows. 

 

  

 Performing the row operation   233 4 RRR −→    leads to the matrix 
















−

−−

6000

2800

1311

 

 

 3R        60 −=    hence the system of equations is inconsistent when 3=a  and has no  

                                           solution. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

        1R  

        2R  

         3R  



15.(a)   x +    y + 2z = 1 

  2x + y  +  z =  0 

3x + 3y +  9z = 5 

 

 The matrix of coefficients is 
















5933

012

1211

   

 

     
















−−−

2300

2320

1211

                   ...(*)  

  

 Note that the matrix is already in upper triangular form. 

 

 3R        23 =z        
3

2
=z  

 

 2R        23)2( −=−− zy        2
3

2
3)2( −=








−− y     

                     22)2( −=−− y   

          0)2( =− y   

                     0=y          [since 2  and so 02 − ] 

 

 1R        12 =++ zyx        1
3

2
20 =








++x        1

3

4
=+x        

3

1
−=x  

 

 Hence   
3

1
−=x , 0=y  and 

3

2
=z . 

 

     (b) When 2= , the matrix at (*) is   
















−−

2300

2300

1211

                    

 

 Performing the row operation   233 RRR +→    leads to the matrix 
















−−

0000

2300

1211

 

  

 All the entries in 3R  are zero, so the system contains a redundant equation when 2=  and 

has an infinite number of solutions. 

 

 

122 2RRR −→  

133 3RRR −→  

           1R  

           2R  

                3R  

1R  

   1R  

   2R  

   3R  

     1R  

         2R  

     3R  



16.(a) 2x −   y + 2z =    1 

  x +   y − 2z =    2 

   x − 2y + 4z = 1−  

 

 The matrix of coefficients is 
















−−

−

−

1421

2211

1212

  

 

     
















−−

−

−

3630

3630

1212

  

 

     
















−

−

0000

3630

1212

  

 

 All the entries in 3R  are zero, so the system contains a redundant equation and has an 

infinite number of possible solutions. 

 

     (b) Let   tz = . 

 

 2R        363 =− zy        363 =− ty        363 += ty        12 += ty  

 

 1R        122 =+− zyx        12)12(2 =++− ttx     

               12122 =+−− ttx     

               112 =−x  

                    22 =x  

                      1=x  

 

 Hence   1=x  and 12 += ty . 

 

 

 

 

 

 

 

 

 

 

 

 

 

     122 2 RRR −→  

                                                    133 2 RRR −→  

     1R  

     2R  

                    233 RRR +→  

 1R  

 2R  

          3R  

      1R  



17.(a)         4x + 6z = 1 

 2x − 2y + 4z = −1 

 −x + y + z = 2 

 

 The matrix of coefficients is 
















−

−−

211

1422

1604



  

 

     
















+

−−

96440

3240

1604



  

 

     
















+

−−

68400

3240

1604



  

 

 3R        6)84( =+ z        
42

3

84

6

+
=

+
=


z  

 

 2R        324 −=+− zy        3
42

3
24 −=









+
+−


y  

               3
42

6
4 −=

+
+−


y         [multiply all terms by )42( + ] 

               )42(36)42(4 +−=++−  y  

              6)42(3)42(4 −+−=+−  y  

              186)42(4 −−=+−  y  

                                               
84

93

168

186

168

186

)42(4

186

+

+
=

+

+
=

−−

−−
=

+−

−−
=
















y  

 

1R        164 =+ zx        1
42

3
64 =









+
+


x  

        1
42

18
4 =

+
+


x   [multiply all terms by )42( + ] 

        4218)42(4 +=++  x  

        1842)42(4 −+=+  x  

        142)42(4 −=+  x  

        
84

7

168

142

)42(4

142

+

−
=

+

−
=

+

−
=












x  

 

Hence   
84

7

+

−
=




x , 

84

93

+

+
=




y  and 

42

3

+
=


z . 

 

            122 2 RRR −→  

                                             133 4 RRR +→  

            1R  

            2R  

                            233 RRR +→  

            1R  

            2R  

                                                                                                                             3R  

          1R  



     (b) From the expression 
42

3

+
=


z , the system of equations is inconsistent when 

  

042 =+         42 −=         2−=     

 

The system of equations is inconsistent when 2−=  and has no solution. 

 

     (c) When 12 −= :   7522
40

19

8)12(4

712

84

7
=

−

−
=

+−

−−
=

+

−
=




x  

 

         756
40

72

8)12(4

9)12(3

84

93
−=

−


=

+−

+−
=

+

+
=




y  

 

         15
20

3

4)12(2

3

42

3
−=

−
=

+−
=

+
=


z  

 

    (d) When 91−=  the solution is 2522 −=x , 258 =y , 15=z . 

 When 12 −=  the solution is 7522 =x , 756 −=y , 15−=z . 

 

Comparing the two sets of solutions for x, y and z, we can see that a small change in the value 

of the parameter   (from 91−=  to 12 −= ) produces a relatively large change in the values 

of x, y and z. 

 

Note  

 

We say that the system of equations is ill-conditioned near 2−= . 

 


