ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Sequences and Series

1. We have an arithmetic sequence with a =2 and u,, =97 .
Make up an equation for u,, using the formula u, =a+(n-1)d.

Up=97 = a+19d=97 = 2+19d=97 = 19d=95 = d=5

We can now find S, using the formula S, = g[Za +(n-21)d].

S, = 5—20 [2(2) + 49(5)] = 25(249) = 6225
2. We have an arithmetic series with S,, =320 and u,, =37.

Make up an equation for S,; using the formula S, = g[Za +(n-1d].

Sp,=320 = %(2a+19d):320 = 10(2a+19d) =320

— 2a+19d=32 ..(1)

Make up an equation for u,, using the formula u, =a+(n-1)d.
u,=37 = a+20d=37 ..(2)

Solving equations (1) and (2) gives a=-3 and d = 2.

We can now find S,, using the formula S, = g[Za +(n-21)d].

S,, = % [2(=3) + 9(2)] = 5(12) = 60



3.(a) We have an arithmetic sequence with u, =45 and u, =5.
u=45 = a=45
Make up an equation for u, using the formula u, =a+(n-1)d.
Uy=5 = a+2d=5 = 45+2d=5 = 2d=-40 = d=-20
We can now find u,, using the formula u, =a+(n-1)d.
u, =a+10d =45+10(-20) = -155

(b) We have a geometric sequence of positive numbers with v, =45 and v, =5.

v,=45 = a=45
Make up an equation for v, using the formula v, =ar"".

v,=5 = ar’=5 = 45r’=5 = rzzé = r
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Hence r = 3 since all terms are positive meaning that r > 0.

Note that —1<r <1, so a sum to infinity exists.
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4. We have a geometric sequence with u, = —6 and u, = 3.

Make up equations for u, and u, using the formula u, =ar"*.

u,=—6 —= ar=-6 ..(1)
u,=3 = ar’=3 ..(2)
ar -6 2

—1<r<1,s0asum to infinity exists.

To find a, substitute r = —% into(1) = a(— %) =—6 = a=12

a 12 12
S = = =—=8
71— 3
1=r 1—(—2) A

5.(d) We have a geometric sequence with u, =108 and u, = 4.

Make up equations for u, and u, using the formula u, =ar"*.

u, =108 = ar=108 ..(1)

u, =4 = ar‘=4 ..(2)
4

@+ = -2 o pol ool
ar 108 27

(b) —1<r<1,s0asum to infinity exists.
. : 1. 1
(c) Tofind a, substitute r = 3 into (1) = a(éj =108 = a=324

o _. @ _ 34 324 ..

R




6.(a)

(b)

We have an arithmetic sequence with u;, = -6 and u, =-34.
Make up equations for u, and u,, using the formula u, =a+(n-1)d.

u=—6 = a+4d=-6 ..(1)
u,=-34 = a+lld=-34 ..(2)

Solving equations (1) and (2) gives a =10 and d = 4.

The first term is 10 and the common difference is —4.
Make up an equation for S, using the formula S, = g[Za +(n-1d].

S, =-144 = 2[2(10)+(n—1)(—4)]:—144

n —

= J[20-4(n-1)]=-144

- 2(20—4n+4)=—144

= 2(24—4n) =-144 [now multiply out the brackets]
= 12n-2n° =-144 [now make the RHS=0]

= -2n°+12n+144 =0 [x(-D]

— 2n*-12n-144 =0 [+2]

= n°-6n-72=0

= (n+6)(n-12)=0

= n=-6,n=12

Hence n =12 since n>0.
Note

The quadratic equation n®* —6n —72 =0 (or equivalent) can also be solved using the
quadratic formula.



First evaluate S,, S, and S,.

S, =8()-1"=7 S,=8(2)-2*=12 S,=8(3)-3 =15

S, is the sum of the first n terms of a sequence u,, u,, u,, ...

S,=u, =7

S,=u+u,=12 = 7+u,=12 = wu,=5

S;=u;+U,+u; =15 = 7+4+5+U;=15 = 12+uU;=15 = u,=3
Hence u,=7,u,=5and u,=3.

The sequence is an arithmetic sequence with first term a =7 and common difference
d=-2.

u,=a+(n-1)d = u, =7+(n-1)(-2)
=7-2(n-1)
=7-2n+2
=9-2n

Hence u,=9-2n.



8.(a) We have a geometric sequence with a=80 and r = %

(i)

(ii)

We can find u, using the formula u, =ar"™".

6
u, =ar® = 80(1} = 80(ij - 80
3 729) 729

Note that —1<r <1, so a sum to infinity exists.

s -2 _ 80 _8 49

Coder qzzs

(b) We have an arithmetic sequence with a =80 and S, = 240.

(i)

(i)

Make up an equation for S, using the formula S, = g[Za +(n-1)d].

5

S, = 240 5 [2(80) +4d] =240

U

2(160+ 4d) =240 [now multiply out the brackets]
400 +10d = 240
10d =-160

d=-16

UV

u,=a+(n-1)d = u, =80+ (n-1)(-16)
=80-16(n-1)
=80-16n+16
=96 -16n

Hence u, =96-16n.



(c) Make up an equation for S using the formula S_= E[2a +(n-1d].
n n 2

S, =144

U

O A I

%[2(80) +(n—1)(-16)] = 144

%[160 _16(n —1)] = 144

2(160 16N +16) =144

n

> (176—-16n) =144 [now multiply out the brackets]
88n —8n* =144 [now make the RHS=0]
—-8n®+88n-144 =0 [x(-1)]

8n° -88n+144 =0 [+8]

n®-1In+18=0

(n-2)(n-9)=0

n=2,n=9



We have a geometric series with a = 2048 and u, = 256 .

Make up an equation for u, using the formula u, =ar"".
3 3 3 1 1
u,=25% = ar’=256 = 2048r°=256 = r =3 = r:E

Make up an equation for S, using the formula S, = M.

1-r
2048[1 — (;j ]
= 4088

S, =4088 =

-1

2
2048(1—21nj N1
= ————%=4088 [since (—] =—=—]
4 2) 2" 2

= 4096(1— ZL“J =4088

A T ol o neo
2" " 512 2" " 512

Note

The equation 2" =512 can also be solved by taking logarithms:

_ In512:9
In2

2"=512 = In2"=In512 = nIh2=In512 = n



10.

We have an arithmetic sequence with u, =a, u, = 1 and u, =1.
a

For any arithmetic sequence, the common difference, d, is given by subtracting consecutive

terms, so d=u2—u1=l—a and d=u3—u2=1—l.
a a
1 1 . .
Hence ——a=1-= [multiply all terms by a to clear the fractions]
a a
= 1-a’=a-1 [now make the RHS=0]
= -a’-a+2=0 [x(-1)]
= a’*+a-2=0
= (a+2)(a-1)=0
= a=-2,a=1

Hence a = -2 since a<0.

The common difference, d, can be found using either d = i —a or d :1—§.
d=1-1-1- 1 4, 1.3
a (-2) 2 2

We must find the smallest value of n for which S, >1000 .

Consider solving the equation S, =1000 using the formula S, = g[Za +(n-21)d].

S, =1000 = % 2(=2) +(n -1) g} ~1000
= M_4:3n —1)}:1000
2| 2
— 43023 21000
2 2 2
= 2 gn — %) =1000 [now multiply out the brackets]
3, 11 . .
= Zn —Zn =1000 [multiply all terms by 4 to clear the fractions]
= 3n” —11n = 4000 [now make the RHS=0]

3n? —11n—4000 =0

U



The quadratic equation 3n* —11n — 4000 = 0 must be solved using the quadratic formula.

a=3, b=-11, c=-4000 = b®-4ac =(-11)> — 4(3)(-4000) =48 121

_ —b++b’-4ac —(-11)++48121 11+./48121
- 2a - 2(3) - 6

n

=38-39...0r -34-72...

Hence n=38-39... since n>0.

Interpreting this solution in context, the smallest value of n for which S, >1000 is n =39.



For the arithmetic sequence, u, =a+(n-1)d.

Hence u,=a+2d, u,=a+6d and u,=a+15d.

Let v,, v, and v, denote the first three terms of the geometric sequence.

Then v, =a+2d, v,=a+6d and v,=a+15d.

For any geometric sequence, the common ratio, r, is given by dividing consecutive terms, so

v, a-+6d v, a-+15d
=-2= and r=—=-= :
v, a+2d v, a+6d
Hence a+6d _2 +15d [cross-multiply to clear the fractions]
a+2d a-+6d
= (a+6d)(a+6d)=(a+15d)(a+2d)
— a’+12ad +36d° =a”+17ad +30d” [subtract a* from each side]
= 12ad +36d* =17ad +30d°
= 6d°-5ad =0
= d(6d-5a)=0
= d=0 or 6d-5a=0
= d=0 or 6d=5a
= d=0 or a= gd

Hence a:gd since d #0.

The common ratio, r, can be found by substituting a = Qd into either r = a-+6d
5 a-+2d
[ a+15d .
a+6d
Ed +6d
Ir:a+6d:5 :6d+30d:36d:§:g
a+2d 6 6d+10d 16d 16 4

—d+2d
5



12.(a) S, = Zn:(ll— 2r) = anll— ZnZZr
r=1 r=1 r=1

=11n- Zi‘ r
r=1

=11n - Z(Mj
2

=1ln—-n(n+1)
=11n-n?-n
=10n —n?

Hence S, =10n-n?.

(b) S,=21 = 10n-n*=21 [now make the RHS=0]
= -n*+10n-21=0 [x(-1)]
= n°-10n+21=0
= (n-3)(n-7)=0
= n=3,n=7



13.(a) Zn:(Gr2 -r)= Zn:6r2 —Zn:r

= 6i r2— i r
r=1 r=1

_ 6(n(n +1)(2n +1)j _n(n+1)

6 2

=n(n+1)(2n+1) - n(n2+ D
_n(n+H@n+1) n(n+1)

1 2
_2n(n +1;(2“ +1 ”(n2+ 1) [making a common denominator]
_2n(n+1)(2n+1) —n(n +1)

2

_ n(n +1)(2(22n +1)-1) [removing a common factor of N(N + 1) in the numerator]
_n(n+1)(4n+1)

2

1

=5 n(n+1)(4n+1)

10
(b) Note that " (6r° —r) is a partial sum.

r=5

i(ﬁrz -r)= i(Br2 —r) - 241(6r2 —r)
- % (10)(10 + 1)(4(10) + 1) — % (4)(4+1)(4(4)+1)  [using the result in ()]

- % (10)(11)(41) - % (4)(5)(17)

= 2255 -170
= 2085

Note

The method of proof by induction could instead be used to prove the result in ().



14.(a) Zn:(4—6r) = Zn:4—zn:6r
r=1 r=1 r=1
=4n —GZn:r
r=1

=4n — G(Mj
2

=4n-3n(n+1)
=4n—-3n°>-3n
=n-3n?

(b) i(4 -6r)=n-3n* = §(4 —6r) =2q-3(29)* [replacing n with 2q]

r=1
=20 -3(49%)
=2q-12¢°

29
(c) Note that Z(4—6r) is a partial sum.

r=q+1

29

> (4-6r) :i(4—6r)—i(4—6r)

r=g+1 r=
=(29-129%) - (q—-39%) [using the results in (a) and (b)]
=2q-129° - q+3q°
=q-9¢q°



n(n+1)

15.(a) ZN: r=210 ]

r=1

M =210 [using the formula Zn:r =
r=1

N(N +1) =420

N?+N =420

N?+N-420=0

(N +21)(N -20)=0

N=-21, N=20

O

Hence N =20 since N > 0.
Note
The quadratic equation N* + N —420 =0 can also be solved using the quadratic formula.

N n
(b) > r? can be evaluated using the formula ) r? = n(n +1)652n +1)
r=1 1

_ 2 2 20(20+1)(2(20) +1) _ 20(21)(41)

r=11 r—-1 6

= 2870




16.(a) Zn:(r3 -3r) = Zn:r3 - Zn:3r

= Zn:r3 —Si‘r
_ n’(n+1)> _3[n(n +1)j

4 2
n*(n+1)? 3n(n+1)
T4 2
n’(n+1)> 6n(n+1)
T4 4
_n’(n+1)*—6n(n+1)

4
_n(n+1)(n(n+1)-6)
4
n(n +1)(n* +n—6)
B 4
_n(n+1)(n-2)(n+3)
4

[making a common denominator]

[removing a common factor of n(n +1) in the numerator]

15
(b) Note that > (r®—3r) is a partial sum.
r=5

1ZS“(r3 —-3r) = 1i(r3 -3r) —i(ﬁ -3r)

_15(15+1)(15-2)(15+3) 4(4+1)(4-2)(4+3)
4 4

_15(16)(13)(18)  4(5)(2)(7)

B 4 4

=14 040 - 70

=13 970

[using the result in (a)]

Note

The method of proof by induction could instead be used to prove the result in (a).



17. Zn:(2r3+r2—r):zn:2r3+zn:r2—zn:r
r=1 r=1 r=1 r=1
=22n:r3+ir2 —ir
r=1 r=1 r=1

z(nz(n +1)2j+ n(n+1)(2n+1) n(n+1)

4 6 2
_n*(n+1)7? . n(n+1)(2n+1) n(n+1)
2 6 2
2 2
= n°(n+1) + n(n+1)(2n+1) - sn(n +1) [making a common denominator]
6 6 6
~3n’(n+1)%+n(n+1)(2n+1)-3n(n +1)
6
= n(n+1)(En(n +é) +@n+h)- 3) [removing a common factor of N(N +1) ]
_n(n+1)(38n* +3n+2n+1-3)
6
_n(n+1)(3n* +5n-2)

6
_ n(n+1)(Bn-1)(n+2) or n(n+1)(n+2)(3n-1)
6 6




18.(a) Sn:Z(r2+%rj:Zr2+ %r
=1

r=1 r=1 r

= ril r? +%rzn=1:r
_n(n+h)(2n+1) +1(n(n +1)j
- 6 3L 2
_n(n+1)(2n+1) N n(n+1)
- 6 6
_ n(n+1)(2n+1) +n(n+1)
6

_nn +1)(((an +1)+1) [removing n(n+1) as a common factor]
_ n(n+1)(2n+2)

6
= 2n(n +é)(n +1) [writing 2n+2=2(n+1)]
_n(n+1)?
-3

2p
(b) Note that Z(rz +%rj is a partial sum.

r=10

i(rz +£rj=i(r2 +1rj—29:(r2 +1rj
10 3 = 3 = 3
=3,,— S,
B 2p(2p+1)? 9(9+1)?
-3 3
_2p(2p+1)?  9(10)°
-3 3

2
_2p(2p+]) 300

[using the result in (a)]




