
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Sequences and Series 

 

1. We have an arithmetic sequence with 2=a  and 9720 =u . 

 

 Make up an equation for 20u  using the formula   dnaun )1( −+= . 

 

 9720 =u       9719 =+ da       97192 =+ d       9519 =d       5=d  

 

 We can now find 50S  using the formula   ])1(2[
2

dna
n

Sn −+= . 

 

 6225)249(25)]5(49)2(2[
2

50
50 ==+=S  

 

2. We have an arithmetic series with 32020 =S  and 3721 =u . 

 

 Make up an equation for 20S  using the formula   ])1(2[
2

dna
n

Sn −+= . 

 

 32020 =S       320)192(
2

20
=+ da       320)192(10 =+ da  

             32192 =+ da      ...(1) 

 

 Make up an equation for 21u  using the formula   dnaun )1( −+= . 

  

 3721 =u       3720 =+ da      ...(2) 

 

 Solving equations (1) and (2) gives 3−=a  and 2=d . 

 

 We can now find 10S  using the formula   ])1(2[
2

dna
n

Sn −+= . 

 

 60)12(5)]2(9)3(2[
2

10
10 ==+−=S  

 

 

 

 

 

 

 



3.(a) We have an arithmetic sequence with 451 =u  and 53 =u . 

 

 451 =u       45=a  

 

 Make up an equation for 3u  using the formula   dnaun )1( −+= . 

  

 53 =u       52 =+ da       5245 =+ d        402 −=d       20−=d  

 

 We can now find 11u  using the formula   dnaun )1( −+= . 

 

 155)20(10451011 −=−+=+= dau  

 

    (b) We have a geometric sequence of positive numbers with 451 =v  and 53 =v . 

 

 451 =v       45=a  

 

 Make up an equation for 3v  using the formula   1−= n

n arv . 

 

 53 =v       52 =ar       545 2 =r       
9

12 =r        
3

1
=r  

 

 Hence 
3

1
=r  since all terms are positive meaning that 0r . 

 

 Note that 11 − r , so a sum to infinity exists. 

 

 
2

135

3
2

45

3
11

45

1
==

−
=

−
=

r

a
S    or   

2

1
67  

 

  

 

  

 

 

 

 

 

 

 

 

 

 

 



4. We have a geometric sequence with 62 −=u  and 33 =u . 

 

 Make up equations for 2u  and 3u  using the formula   1−= n

n aru . 

 

 62 −=u       6−=ar  ...(1) 

 33 =u         32 =ar  ...(2) 

 

 (2) ÷ (1)      
6

32

−
=

ar

ar
      

2

1
−=r  

 

 11 − r , so a sum to infinity exists. 

 

 To find a, substitute 
2

1
−=r  into (1)      6

2

1
−=








−a       12=a  

 

 8

2
3

12

2

1
1

12

1
==









−−

=
−

=
r

a
S  

 

5.(a) We have a geometric sequence with 1082 =u  and 45 =u . 

 

 Make up equations for 2u  and 5u  using the formula   1−= n

n aru . 

 

 1082 =u       108=ar  ...(1) 

 45 =u           44 =ar  ...(2) 

 

 (2) ÷ (1)      
108

44

=
ar

ar
      

27

13 =r        
3

1
=r  

 

    (b) 11 − r , so a sum to infinity exists. 

 

    (c) To find a, substitute 
3

1
=r  into (1)      108

3

1
=








a       324=a  

 

486

3
2

324

3
11

324

1
==

−
=

−
=

r

a
S  

 

 

 

 

  

 



6.(a) We have an arithmetic sequence with 65 −=u  and 3412 −=u . 

 

 Make up equations for 5u  and 12u  using the formula   dnaun )1( −+= . 

 

 65 −=u          64 −=+ da   ...(1) 

 3412 −=u       3411 −=+ da  ...(2) 

 

 Solving equations (1) and (2) gives 10=a  and 4−=d . 

 

 The first term is 10 and the common difference is −4. 

 

    (b) Make up an equation for nS  using the formula   ])1(2[
2

dna
n

Sn −+= . 

 

 144−=nS       144)]4)(1()10(2[
2

−=−−+ n
n

 

                         144)]1(420[
2

−=−− n
n

 

              144)4420(
2

−=+− n
n

 

              144)424(
2

−=− n
n

 [now multiply out the brackets] 

              144212 2 −=− nn   [now make the RHS 0= ] 

              0144122 2 =++− nn  [ )1(− ] 

              0144122 2 =−− nn  [ 2 ] 

              07262 =−− nn  

              0)12)(6( =−+ nn  

              6−=n , 12=n  

 

 Hence 12=n  since 0n . 

 

 Note 

 

The quadratic equation 07262 =−− nn  (or equivalent) can also be solved using the 

quadratic formula. 

 

 

 

 

 

 

 

 



7. 28 nnSn −= ,   1n  

 

 First evaluate 1S , 2S  and 3S . 

 

 71)1(8 2

1 =−=S         122)2(8 2

2 =−=S         153)3(8 2

3 =−=S  

 

 nS  is the sum of the first n terms of a sequence 1u , 2u , 3u , … 

 

 711 == uS  

 

 12212 =+= uuS       127 2 =+ u       52 =u  

 

 153213 =++= uuuS       1557 3 =++ u       1512 3 =+ u       33 =u  

 

 Hence   71 =u , 52 =u  and 33 =u . 

 

The sequence is an arithmetic sequence with first term 7=a  and common difference 

2−=d . 

 

dnaun )1( −+=       )2)(1(7 −−+= nun  

                                            )1(27 −−= n  

                                            227 +−= n  

                                            n29 −=  

 

Hence   nun 29 −= . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



8.(a) We have a geometric sequence with 80=a  and 
3

1
=r . 

 

(i) We can find 7u  using the formula   1−= n

n aru . 

 

729

80

729

1
80

3

1
80

6

6

7 =







=








== aru  

 

(ii) Note that 11 − r , so a sum to infinity exists. 

 

120

3
2

80

3
11

80

1
==

−
=

−
=

r

a
S  

 

    (b) We have an arithmetic sequence with 80=a  and 2405 =S . 

 

(i) Make up an equation for 5S  using the formula   ])1(2[
2

dna
n

Sn −+= . 

  

  2405 =S       240]4)80(2[
2

5
=+ d  

                       240)4160(
2

5
=+ d   [now multiply out the brackets] 

                       24010400 =+ d  

                       16010 −=d  

                           16−=d  

 

(ii) dnaun )1( −+=       )16)(1(80 −−+= nun  

            )1(1680 −−= n  

                                            161680 +−= n  

        n1696 −=  

 

  Hence   nun 1696 −= . 

 

 

 

 

 

 

 

 

 

 

 



    (c) Make up an equation for nS  using the formula   ])1(2[
2

dna
n

Sn −+= . 

 

 144=nS       144)]16)(1()80(2[
2

=−−+ n
n

 

           144)]1(16160[
2

=−− n
n

 

           144)1616160(
2

=+− n
n

 

           144)16176(
2

=− n
n

  [now multiply out the brackets] 

           144888 2 =− nn   [now make the RHS 0= ] 

         0144888 2 =−+− nn  [ )1(− ] 

         0144888 2 =+− nn   [ 8 ] 

         018112 =+− nn  

         0)9)(2( =−− nn  

         2=n , 9=n  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



9. We have a geometric series with 2048=a  and 2564 =u . 

 

 Make up an equation for 4u  using the formula   1−= n

n aru . 

 

 2564 =u       2563 =ar       2562048 3 =r       
8

13 =r       
2

1
=r  

 

 Make up an equation for nS  using the formula   
r

ra
S

n

n
−

−
=

1

)1(
. 

 

 4088=nS       4088

2

1
1

2

1
12048

=

−






















−

n

 

                                   4088

2
1

2

1
12048

=









−

n

 [since 
nn

nn

2

1

2

1

2

1
==








] 

             4088
2

1
14096 =








−

n
 

             
512

511

2

1
1 =−

n
      

512

1

2

1
=

n
      5122 =n

      9=n  

 

 Note 

 

 The equation 5122 =n  can also be solved by taking logarithms: 

 

 5122 =n
      512ln2ln =n

      512ln2ln =n       9
2ln

512ln
==n  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



10. We have an arithmetic sequence with au =1 , 
a

u
1

2 =  and 13 =u . 

  

For any arithmetic sequence, the common difference, d, is given by subtracting consecutive 

terms, so   a
a

uud −=−=
1

12    and   
a

uud
1

123 −=−= . 

 

Hence    
a

a
a

1
1

1
−=−     [multiply all terms by a to clear the fractions] 

                    11 2 −=− aa   [now make the RHS 0= ] 

         022 =+−− aa  [ )1(− ] 

         022 =−+ aa  

         0)1)(2( =−+ aa   

                    2−=a , 1=a  

 

Hence 2−=a  since 0a . 

 

The common difference, d, can be found using either   a
a

d −=
1

   or   
a

d
1

1−= . 

 

2

3

2

1
1

)2(

1
1

1
1 =+=

−
−=−=

a
d  

 

We must find the smallest value of n for which 1000nS . 

 

Consider solving the equation 1000=nS  using the formula ])1(2[
2

dna
n

Sn −+= . 

 

1000=nS       1000
2

3
)1()2(2

2
=








−+− n

n
 

            1000)1(
2

3
4

2
=








−+− n

n
 

            1000
2

3

2

3
4

2
=








−+− n

n
 

            1000
2

11

2

3

2
=








−n

n
 [now multiply out the brackets] 

           1000
4

11

4

3 2 =− nn   [multiply all terms by 4 to clear the fractions] 

           4000113 2 =− nn   [now make the RHS 0= ] 

           04000113 2 =−− nn  

 

 



The quadratic equation 04000113 2 =−− nn  must be solved using the quadratic formula. 

 

3=a , 11−=b , 4000−=c       =−−−=− )4000)(3(4)11(4 22 acb 48 121 

 

...3938
6

4812111

)3(2

48121)11(

2

42

=


=
−−

=
−−

=
a

acbb
n  or ...7234 −  

 

Hence ...3938 =n  since 0n . 

 

Interpreting this solution in context, the smallest value of n for which 1000nS  is 39=n . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



11. For the arithmetic sequence,   dnaun )1( −+= . 

 

 Hence   dau 23 += ,   dau 67 +=    and   dau 1516 += . 

 

 Let 1v , 2v  and 3v  denote the first three terms of the geometric sequence. 

 

 Then   dav 21 += ,   dav 62 +=    and   dav 153 += . 

 

For any geometric sequence, the common ratio, r, is given by dividing consecutive terms, so 

da

da

v

v
r

2

6

1

2

+

+
==    and   

da

da

v

v
r

6

15

1

2

+

+
== . 

 

Hence    
da

da

da

da

6

15

2

6

+

+
=

+

+
  [cross-multiply to clear the fractions] 

                   )2)(15()6)(6( dadadada ++=++  

        2222 30173612 dadadada ++=++   [subtract 2a  from each side] 

        22 30173612 daddad +=+  

            056 2 =− add  

           0)56( =− add  

          0=d    or   056 =− ad  

          0=d    or   ad 56 =  

          0=d    or   da
5

6
=  

 

 Hence  da
5

6
=  since 0d . 

 

The common ratio, r, can be found by substituting da
5

6
=  into either   

da

da
r

2

6

+

+
=    or   

da

da
r

6

15

+

+
= . 

 

4

9

16

36

16

36

106

306

2
5

6

6
5

6

2

6
===

+

+
=

+

+

=
+

+
=

d

d

dd

dd

dd

dd

da

da
r  

 

 

 

  

 

  



12.(a) 
===

−=−=
n

r

n

r

n

r

n rrS
111

211)211(  

                                        
=

−=
n

r

rn
1

211  

                                        






 +
−=

2

)1(
211

nn
n  

                                        )1(11 +−= nnn  

                                        nnn −−= 211  

                                        210 nn −=  

 

 Hence   210 nnSn −= . 

 

     (b) 21=nS       2110 2 =− nn   [now make the RHS 0= ] 

         021102 =−+− nn  [ )1(− ] 

         021102 =+− nn  

         0)7)(3( =−− nn  

         3=n , 7=n  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



13.(a)   
= = =

−=−
n

r

n

r

n

r

rrrr
1 1 1

22 6)6(  

                                 
= =

−=
n

r

n

r

rr
1 1

26  

                                
2

)1(

6

)12)(1(
6

+
−







 ++
=

nnnnn
 

                                
2

)1(
)12)(1(

+
−++=

nn
nnn  

                                
2

)1(

1

)12)(1( +
−

++
=

nnnnn
 

                                
2

)1(

2

)12)(1(2 +
−

++
=

nnnnn
  [making a common denominator] 

                                
2

)1()12)(1(2 +−++
=

nnnnn
 

                                
( )

2

1)12(2)1( −++
=

nnn
          [removing a common factor of )1( +nn  in the numerator] 

                                
2

)14)(1( ++
=

nnn
 

                                )14)(1(
2

1
++= nnn  

 

     (b) Note that 
=

−
10

5

2 )6(
r

rr  is a partial sum. 

 

  
= ==

−−−=−
10

1

4

1

22
10

5

2 )6()6()6(
r rr

rrrrrr  

                                   )1)4(4)(14)(4(
2

1
)1)10(4)(110)(10(

2

1
++−++=  [using the result in (a)] 

                                   )17)(5)(4(
2

1
)41)(11)(10(

2

1
−=  

                                   1702255 −=  

                                   2085=  

 

 Note 

 

 The method of proof by induction could instead be used to prove the result in (a). 

 

  

 

 

 

 

 



14.(a)  
== =

−=−
n

r

n

r

n

r

rr
11 1

64)64(  

                              
=

−=
n

r

rn
1

64  

                              






 +
−=

2

)1(
64

nn
n  

                              )1(34 +−= nnn  

                              nnn 334 2 −−=  

                              23nn −=  

 

     (b) 
=

−=−
n

r

nnr
1

23)64(       2
2

1

)2(32)64( qqr
q

r

−=−
=

 [replacing n with q2 ] 

                                )4(32 2qq −=  

    2122 qq −=  

  

     (c) Note that 
+=

−
q

qr

r
2

1

)64(  is a partial sum. 

 

  
= =+=

−−−=−
q

r

q

r

q

qr

rrr
2

1 1

2

1

)64()64()64(  

                                  )3()122( 22 qqqq −−−=  [using the results in (a) and (b)] 

                                  22 3122 qqqq +−−=  

                                  29qq −=  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



15.(a) 
=

=
N

r

r
1

210       210
2

)1(
=

+NN
  [using the formula 

=

+
=

n

r

nn
r

1 2

)1(
] 

              420)1( =+NN  

              4202 =+ NN  

              04202 =−+ NN  

              0)20)(21( =−+ NN  

              21−=N , 20=N  

 

 Hence 20=N  since 0N . 

 

 Note  

 

The quadratic equation 04202 =−+ NN  can also be solved using the quadratic formula. 

 

     (b) 
=

N

r

r
1

2  can be evaluated using the formula   
=

++
=

n

r

nnn
r

1

2

6

)12)(1(
. 

 

 
==

==
++

==
20

1

2

11

2 2870
6

)41)(21(20

6

)1)20(2)(120(20

r

N

r

rr  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



16.(a)   
= = =

−=−
n

r

n

r

n

r

rrrr
1 1 1

33 3)3(  

                                       
= =

−=
n

r

n

r

rr
1 1

3 3  

           






 +
−

+
=

2

)1(
3

4

)1( 22 nnnn
 

                                      
2

)1(3

4

)1( 22 +
−

+
=

nnnn
 

                                      
4

)1(6

4

)1( 22 +
−

+
=

nnnn
  [making a common denominator] 

                    
4

)1(6)1( 22 +−+
=

nnnn
 

                                      
( )

4

6)1()1( −++
=

nnnn
   [removing a common factor of )1( +nn  in the numerator] 

                                      
4

)6)(1( 2 −++
=

nnnn
 

                                
4

)3)(2)(1( +−+
=

nnnn
 

 

     (b) Note that 
=

−
15

5

3 )3(
r

rr  is a partial sum. 

 

  
= ==

−−−=−
15

1

4

1

33
15

5

3 )3()3()3(
r rr

rrrrrr  

                                
4

)34)(24)(14(4

4

)315)(215)(115(15 +−+
−

+−+
=  [using the result in (a)] 

                                
4

)7)(2)(5(4

4

)18)(13)(16(15
−=  

                                = 14 040 – 70 

          = 13 970 

 

 Note 

 

 The method of proof by induction could instead be used to prove the result in (a). 

 

 

 

 

  

 

 

  

 



17. 
====

−+=−+
n

r

n

r

n

r

n

r

rrrrrr
11

2

1

3

1

23 2)2(  

                  
===

−+=
n

r

n

r

n

r

rrr
11

2

1

32  

              
2

)1(

6

)12)(1(

4

)1(
2

22 +
−

++
+







 +
=

nnnnnnn
 

              
2

)1(

6

)12)(1(

2

)1( 22 +
−

++
+

+
=

nnnnnnn
 

              
6

)1(3

6

)12)(1(

6

)1(3 22 +
−

++
+

+
=

nnnnnnn
      [making a common denominator] 

              
6

)1(3)12)(1()1(3 22 +−++++
=

nnnnnnn
 

               
( )

6

3)12()1(3)1( −++++
=

nnnnn
         [removing a common factor of )1( +nn ] 

                                      
6

)31233)(1( 2 −++++
=

nnnnn
 

                                      
6

)253)(1( 2 −++
=

nnnn
 

                                      
6

)2)(13)(1( +−+
=

nnnn
   or   

6

)13)(2)(1( −++ nnnn
 

  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



18.(a) 
===

+=







+=

n

r

n

r

n

r

n rrrrS
11

2

1

2

3

1

3

1
 

                                                    
==

+=
n

r

n

r

rr
11

2

3

1
 

                                           






 +
+

++
=

2

)1(

3

1

6

)12)(1( nnnnn
 

                                           
6

)1(

6

)12)(1( +
+

++
=

nnnnn
 

                                           
6

)1()12)(1( ++++
=

nnnnn
 

                                           
( )

6

1)12()1( +++
=

nnn
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