
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Number Theory and Methods of Proof 

 

1. First divide 14654 by 1326: 14654 = 11 × 1326 + 68 

 

Then divide 1326 by 68:           1326 = 19 × 68 + 34  ...(*) 

 

Then divide 68 by 34:        68 = 2 × 34 + 0 

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 34. 

 

To express the gcd in the form ba 146541326 +  for integers p and q, start at line (*) and 

work backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )68(19132634 −=    [now substitute for the remainder 68] 

                    ( ))1326(1114654191326 −−=   [now multiply out the brackets] 

                    )1326(209)14654(191326 +−=  [now collect like terms to simplify] 

                    )14654(19)1326(210 −=     

 

Hence   )14654(19)1326(21034 −=    and so   ba 146541326gcd +=    where 210=a  and 

19−=b . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2. Use the Euclidean algorithm to find the greatest common divisor (gcd) of 306 and 119. 

 

 First divide 306 by 119: 306 = 2 × 119 + 68 

 

Then divide 119 by 68:           119 = 1 × 68 + 51 

 

Then divide 68 by 51:               68 = 1 × 51 + 17 ...(*) 

 

Then divide 51 by 17:               51 = 3 × 17 + 0  

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 17. 

 

To express the gcd in the form ba 119306 +  for integers a and b, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )51(16817 −=    [now substitute for the remainder 51] 

                       ( ))68(1119168 −−=   [now multiply out the brackets] 

                       )68(1)119(168 +−=   [now collect like terms to simplify] 

                       )119(1)68(2 −=   [now substitute for the remainder 68] 

                       ( ) )119(1)119(23062 −−=  [now multiply out the brackets] 

                       )119(1)119(4)306(2 −−=  [now collect like terms to simplify] 

                       )119(5)306(2 −=     

 

Hence   )119(5)306(217 −=    and so   17119306 =+ ba    where 2=a  and 5−=b . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3. Use the Euclidean algorithm to find the greatest common divisor (gcd) of 1595 and 1218. 

 

 First divide 1595 by 1218: 1595 = 1 × 1218 + 377 

 

Then divide 1218 by 377:       1218 = 3 × 377 + 87 

 

Then divide 377 by 87:             377 = 4 × 87 + 29  ...(*) 

 

Then divide 87 by 29:      87 = 3 × 29 + 0  

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 29. 

 

To express the gcd in the form ba 12181595 +  for integers a and b, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )87(437729 −=     [now substitute for the remainder 87] 

                       ( ))377(312184377 −−=   [now multiply out the brackets] 

                       )377(12)1218(4377 +−=   [now collect like terms to simplify] 

                       )1218(4)377(13 −=    [now substitute for the remainder 377] 

                       ( ) )1218(41218(1159513 −−=   [now multiply out the brackets] 

                       )1218(4)1218(13)1595(13 −−=  [now collect like terms to simplify] 

                       )1218(17)1595(13 −=     

 

Hence   )1218(17)1595(1329 −=   and so  2912181595 =+ ba   where 13=a  and 17−=b . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4. First divide 1204 by 833: 1204 = 1 × 833 + 371 

 

Then divide 833 by 371:   833 = 2 × 371 + 91 

 

Then divide 371 by 91:             371 = 4 × 91 + 7 ...(*) 

 

Then divide 91 by 7:      91 = 13 × 7 + 0  

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 7. 

 

To express the gcd in the form ba 8331204 +  for integers a and b, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )91(43717 −=    [now substitute for the remainder 91] 

                     ( ))371(28334371 −−=   [now multiply out the brackets] 

                     )371(8)833(4371 +−=   [now collect like terms to simplify] 

                     )833(4)371(9 −=   [now substitute for the remainder 371] 

                     ( ) )833(4)833(112049 −−=  [now multiply out the brackets] 

                     )833(4)833(9)1204(9 −−=  [now collect like terms to simplify] 

                     )833(13)1204(9 −=     

 

Hence   )833(13)1204(97 −=    and so   ba 8331204gcd +=    where 9=a  and 13−=b . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 

 

 

 



5. Use the Euclidean algorithm to find the greatest common divisor (gcd) of 599 and 53. 

 

 First divide 599 by 53: 599 = 11 × 53 + 16 

 

Then divide 53 by 16:      53 = 3 × 16 + 5 

 

Then divide 16 by 5:                 16 = 3 × 5 + 1 ...(*) 

 

Then divide 5 by 1:      5 = 5 × 1 + 0  

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 1. 

 

To express the gcd in the form qp 53599 +  for integers p and q, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )5(3161 −=    [now substitute for the remainder 5] 

                     ( ))16(353316 −−=   [now multiply out the brackets] 

                     )16(9)53(316 +−=   [now collect like terms to simplify] 

                     )53(3)16(10 −=    [now substitute for the remainder 16] 

                     ( ) )53(3)53(1159910 −−=  [now multiply out the brackets] 

                     )53(3)53(110)599(10 −−=  [now collect like terms to simplify] 

                     )53(113)599(10 −=     

 

Hence   )53(113)599(101 −=    and so   153599 =+ qp    where 10=p  and 113−=q . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



6. Use the Euclidean algorithm to find the greatest common divisor (gcd) of 149 and 139. 

 

 First divide 149 by 139: 149 = 1 × 139 + 10 

 

Then divide 139 by 10: 139 = 13 × 10 + 9 

 

Then divide 10 by 9:                 10 = 1 × 9 + 1 ...(*) 

 

Then divide 9 by 1:      9 = 9 × 1 + 0  

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 1. 

 

To express the gcd in the form yx 139149 +  for integers x and y, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )9(1101 −=    [now substitute for the remainder 9] 

                     ( ))10(13139110 −−=   [now multiply out the brackets] 

                     )10(13)139(110 +−=   [now collect like terms to simplify] 

                     )139(1)10(14 −=   [now substitute for the remainder 10] 

                     ( ) )139(1)139(114914 −−=  [now multiply out the brackets] 

                     )139(1)139(14)149(14 −−=  [now collect like terms to simplify] 

                     )139(15)149(14 −=     

 

Hence   )139(15)149(141 −=    and so   1139149 =+ yx    where 14=x  and 15−=y . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



7. Use the Euclidean algorithm to find the greatest common divisor (gcd) of 3066 and 713. 

 

 First divide 3066 by 713: 3066 = 4 × 713 + 214 

 

Then divide 713 by 214:   713 = 3 × 214 + 71 

 

Then divide 214 by 71:             214 = 3 × 71 + 1 ...(*) 

 

Then divide 71 by 1:      71 = 71 × 1 + 0  

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 1. 

 

To express the gcd in the form qp 7133066 +  for integers p and q, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )71(32141 −=     [now substitute for the remainder 71] 

                     ( ))214(37133214 −−=    [now multiply out the brackets] 

                     )214(9)713(3214 +−=   [now collect like terms to simplify] 

                     )713(3)214(10 −=    [now substitute for the remainder 214] 

                     ( ) )713(3)713(4306610 −−=   [now multiply out the brackets] 

                     )713(3)713(40)3066(10 −−=   [now collect like terms to simplify] 

                     )713(43)3066(10 −=     

 

Hence   )713(43)3066(101 −=    and so   17133066 =+ qp    where 10=p  and 43−=q . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



8. First divide 729 by 487: 729 = 1 × 487 + 242 

 

Then divide 487 by 242: 487 = 2 × 242 + 3 

 

Then divide 242 by 3:             242 = 80 × 3 + 2  

 

Then divide 3 by 2:      3 = 1 × 2 + 1 ...(*) 

 

Then divide 2 by 1:      2 = 2 × 1 + 0 

 

 The greatest common divisor (gcd) is the last non-zero remainder. 

 Hence from (*), gcd = 1. 

 

To express the gcd in the form yx 729487 +  for integers x and y, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )2(131 −=     [now substitute for the remainder 2] 

                     ( ))3(8024213 −−=    [now multiply out the brackets] 

                     )3(80)242(13 +−=    [now collect like terms to simplify] 

                     )242(1)3(81 −=     [now substitute for the remainder 3] 

                     ( ) )242(1)242(248781 −−=   [now multiply out the brackets] 

                     )242(1)242(162)487(81 −−=   [now collect like terms to simplify] 

                     )242(163)487(81 −=    [now substitute for the remainder 242] 

          ( ))487(1729163)487(81 −−=   [now multiply out the brackets] 

                     )487(163)729(163)487(81 +−=  [now collect like terms] 

                     )729(163)487(244 −=  

 

Hence   )729(163)487(2441 −=    and so   1729487 =+ yx    where 244=x  and 163−=y . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



9. First divide 231 by 17: 231 = 13 × 17 + 10 

 

Then divide 17 by 10:    17 = 1 × 10 + 7 

 

Then divide 10 by 7:    10 = 1 × 7 + 3 

 

Then divide 7 by 3:      7 = 2 × 3 + 1 ...(*) 

 

Then divide 3 by 1:      3 = 3 × 1 + 0 

 

 The highest common factor (hcf) is the last non-zero remainder. 

 Hence from (*), hcf = 1 and (231, 17) = 1. 

 

To express the hcf in the form yx 17231 +  for integers x and y, start at line (*) and work 

backwards up the lines replacing each remainder and then simplifying. 

 

From (*):   )3(271 −=    [now substitute for the remainder 3] 

                    ( ))7(11027 −−=   [now multiply out the brackets] 

                    )7(2)10(27 +−=   [now collect like terms to simplify] 

                    )10(2)7(3 −=    [now substitute for the remainder 7] 

                    ( ) )10(2)10(1173 −−=   [now multiply out the brackets] 

                    )10(2)10(3)17(3 −−=   [now collect like terms to simplify] 

                    )10(5)17(3 −=    [now substitute for the remainder 10] 

                    ( ))17(132315)17(3 −−=  [now multiply out the brackets] 

                    )17(65)231(5)17(3 +−=  [now collect like terms to simplify] 

                    )231(5)17(68 −=   

 

Hence   )231(5)17(681 −=    and so   117231 =+ yx    where 5−=x  and 68=y . 

 

 Note 

 

The highest common factor (hcf) of 231 and 17 is the same as the greatest common 

divisor (gcd) of 231 and 17. 

 

 

 

 

 

 

 

 

 

 

 



10. To express 101234  in base 7, keep dividing by 7 using the division algorithm. 

 

First divide 1234 by 7: 1234 = 7 × 176 + 2 

 

Then divide 176 by 7:    176 = 7 × 25 + 1 

 

Then divide 25 by 7:      25 = 7 × 3 + 4 

 

Then divide 3 by 7:        3 = 7 × 0 + 3 

 

The answer can now be read from the remainders in reverse order:   710 34121234 =  

 

Check:   1234)72()71()74()73(3412 0123

7 =+++=     

  

11.(a) Three consecutive integers are n, 1+n  and 2+n  for some integer n. 

 Let S denote the sum of the three consecutive integers n, 1+n  and 2+n .  

 

 pnnnnnnnnS 3)1(33321)2()1( =+=+=++++=++++=    where 1+= np  

 

 pS 3=  for some integer p, hence the sum of any three consecutive integers is divisible by 3. 

 

     (b) Let a be an odd integer. Then 12 += ka  for some integer k. 

 

 )1(12 ++=+= kkka  

 

Since k and 1+k  are consecutive integers, this means that any odd integer can be expressed 

as the sum of two consecutive integers. 

 

12. We will use a direct proof. 

 

Two consecutive odd numbers are   12 += ka    and    322)12( +=++= kkb    for some 

integer k. 

 

The difference between the squares of the two consecutive odd numbers is 
22 ab − . 

 

 )144()9124()12()32( 222222 ++−++=+−+=− kkkkkkab  

                                                              1449124 22 −−−++= kkkk  

                                                              88 += k  

                                                              )1(8 += k  

                                                              p8=   where 1+= kp  

 

 pab 822 =−  for some integer p, hence the difference between the squares of two 

consecutive odd numbers is divisible by 8. 

 



13. Consider statement A:   If n  is a multiple of 9 then so is 2n . 

 

 Statement A is true and we can use a direct proof to prove this. 

 

 Let n be a multiple of 9. Then kn 9=  for some integer k. 

 

 pkkkn 9)9(981)9( 2222 ====    where 29kp =  

 

 pn 92 =  for some integer p, hence 2n  is a multiple of 9 when n is a multiple of 9. 

 

 Now consider statement B:   If 2n  is a multiple of 9 then so is n. 

 

 Statement B is false and we can prove this by finding a counterexample. 

 

 When 3=n :   )1(99322 ===n ,   hence 2n  is a multiple of 9, however n  itself is not a  

                                                                      multiple of 9. 

 

 Hence 3=n  is a counterexample which proves that statement B is false. 

 

 Note 

 

 There are other possible counterexamples, eg 6=n , 12=n , 15=n , ... 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



14. Consider statement A:   If a positive integer p is prime, then so is 12 +p . 

 

 Statement A is false and we can prove this by finding a counterexample. 

 

 Consider the prime number 7=p . 

 Then   151)7(212 =+=+p    and   5315 = , so 15 is not prime. 

 

 Hence 7=p  is a counterexample which proves that statement A is false. 

 

Now consider statement B:   If a positive integer n has remainder 1 when divided by 3, then  

                                              3n  also has remainder 1 when divided by 3. 

 

Statement B is true and we can use a direct proof to prove this. 

 

 Let the positive integer n have remainder 1 when divided by 3. 

 Then 13 += kn  for some integer k. 

 

 3021120333 1)3(
3

3
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2

3
1)3(

1

3
1)3(

0

3
)13( kkkkkn 





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
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
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



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






+




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


=+=  

                                   1)3(3)9(327 23 +++= kkk  

                                   192727 23 +++= kkk  

                                   1)399(3 23 +++= kkk  

                                   13 += p    where kkkp 399 23 ++=  

 

 133 += pn  for some integer p, hence 3n  also has remainder 1 when divided by 3. 

 

Notes 

 

(1) There are other possible counterexamples which can be used to prove that statement 

A is false,, eg 13=p , 17=n , 19=n , ... 

 

(2)  3)13( +k  can be expanded without using the binomial theorem as follows. 

 

 )169)(13()13)(13()13( 223 +++=++=+ kkkkkk  

                                                         )169(1)169(3 22 +++++= kkkkk  

                                                         16931827 223 +++++= kkkkk  

                                                         192727 23 +++= kkk  

 

 

  

 

 



15. Consider statement A:   For all natural numbers m, if 2m  is divisible by 4, then m is  

               divisible by 4. 

 

 Statement A is false and we can prove this by finding a counterexample. 

 

 When 2=m :   )1(44222 ===m ,   hence 2m  is divisible by 4, however m itself is not  

                                                                        divisible by 4. 

 

 Hence 2=m  is a counterexample which proves that statement B is false. 

 

 Now consider statement B:   The cube of any odd integer p plus the square of any even  

                                                           integer q is always odd. 

 

Statement B is true and we can use a direct proof to prove this. 

 

Let p be an odd integer. Then 12 += kp  for some integer k. 
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                                    1)2(3)4(38 23 +++= kkk  

                                    16128 23 +++= kkk  

 

 Let q be an even integer. Then mq 2=  for some integer m. 

 

 222 4)2( mmq ==  

 

 Then   22323 4)16128( mkkkqp ++++=+  

                                     146128 223 ++++= mkkk  

                                     1)2364(2 223 ++++= mkkk  

                                     12 += a     where 
223 2364 mkkka +++=  

 

 1223 +=+ aqp  for some integer a, hence 23 qp +  is odd. 

 

 

 

 

 

 

 

 

 

 

 



 Notes 

 

(1) There are other possible counterexamples which can be used to prove that statement 

A is false,, eg 6=m , 10=n , 14=n , ... 

 

(2) 3)12( +k  can be expanded without using the binomial theorem as follows. 

 

 )144)(12()12)(12()12( 223 +++=++=+ kkkkkk  

                                                         )144(1)144(2 22 +++++= kkkkk  

                                                         144288 223 +++++= kkkkk  

                                                         16128 23 +++= kkk  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                             



16. Consider statement A:   )(np  is always even 

 

 Statement A is true and there are two ways of proving this. 

 

 Method 1 

 

 We can prove that statement A is true by factorising   nnnp += 2)( . 

 

 )1()( 2 +=+= nnnnnp  

 

This expression shows that )(np  is the product of two consecutive integers, one of which 

will be even and one of which will be odd. Hence )(np  is always even since the product of 

an even integer and an odd integer is even. 

 

 

 Method 2 

 

 We can use a direct proof to prove that )(np  is even for all positive integers n. 

 We will consider the cases when n is even and n is odd separately. 

 

 Let n be even. Then kn 2=  for some integer k. 

 

 pkkkkkknnnp 2)2(2242)2()( 2222 =+=+=+=+=    where kkp += 22  

 

 pnp 2)( =  for some integer p and hence )(np  is even when n is even. 

 

 Now let n be odd. Then 12 += kn for some integer k. 

 

 12144)12()12()( 222 ++++=+++=+= kkkkknnnp  

                                                                     264 2 ++= kk  

                                                                     )132(2 2 ++= kk  

                                                                     p2=      where 132 2 ++= kkp  

 

 pnp 2)( =  for some integer p and hence )(np  is even when n is odd. 

 

 We have proved that )(np  is even when n is even and )(np  is also even when n is odd. 

 This means that )(np  is even for all positive integers n. 

 

 

 

 

 



 Now consider statement B:   )(np  is always a multiple of 3 

 

 Statement B is false and we can prove this by finding a counterexample. 

 

 211)1( 2 =+=p ,   hence )1(p  is not a multiple of 3. 

 

 Hence 1=n  is a counterexample which proves that statement B is false. 

 

 Note 

 

 There are other possible counterexamples, eg 4=n , 7=n , 10=n , ... 

 

17.(a) Consider the statement that nn −3  is always divisible by 6. 

 

 This statement is true and we can prove this by fully factorising nn −3 . 

 

 )1()1()1)(1()1( 23 +−=+−=−=− nnnnnnnnnn  

 

This expression shows that nn −3  is the product of the three consecutive integers 1−n , n 

and 1+n , at least one of which will be even and one of which will be divisible by 3. Hence 

nn −3
 is always divisible by 6 since it is known that the product of three consecutive 

integers is divisible by 6 

 

     (b) Consider the statement that 53 ++ nn  is always prime. 

 

 This statement is false and we can prove this by finding a counterexample. 

 

 When 2=n :   155225 33 =++=++ nn    and   5315 = , so 15 is not prime 

 

Hence 53 ++ nn  is not prime when 2=n , thus 2=n  is a counterexample which proves 

that the statement is false. 

 

 Note 

 

 There are other possible counterexamples, eg 3=n , 5=n , ... 

 

 

 

 

 

 

 

 

 



18. Let x be an irrational number and assume that x+2  is rational. 

 

 x+2  is rational, so   
n

m
x =+2    for some integers m and n where 0n . 

 

 
n

m
x =+2        

q

p

n

nm

n

n

n

m

n

m

n

m
x =

−
=−=−=−=

22

1

2
2    where nmp 2−=   

          and nq =  

 

 Hence 
q

p
x =  for some integers p and q where 0q . 

 

 This means that x is a rational number which is a contradiction. 

 Hence if x is an irrational number, then x+2  is irrational. 

 

19.(a) The negation of the statement ‘m is even or n is even’ is ‘both m and n are odd’. 

 

     (b) The contrapositive of the statement ‘if mn  is even then m is even or n is even’ is 

 ‘if both m and n are odd then mn  is odd’. 

 

 Let both m and n be odd. 

 Then   12 += km    and   12 += pn    for some integers k and p. 

 

 1224)12)(12( +++=++= pkkppkmn  

                                               1)2(2 +++= pkkp  

                                               12 += a   where pkkpa ++= 2  

 

 12 += amn  for some integer a, hence mn  is odd. 

 

 We have proved that the contrapositive statement is true, thus we have proved that the 

original statement is also true, ie if mn  is even then m is even or n is even.  

 

 Note 

 

The contrapositive of the statement ‘if A, then B’ is ‘if not B, then not A’. The statement 

and its contrapositive are logically equivalent, so the statement is true if its contrapositive is 

true (and vice versa). 

 

 

 

 

 

 

 



20. The contrapositive of the statement ‘if 2n  is even, then n is even’ is ‘if n is odd, then 2n  is 

odd’. 

 

 Let n be an odd integer. Then 12 += kn  for some integer k. 

 

 121)22(2144)12( 2222 +=++=++=+= pkkkkkn    where kkp 22 2 +=  

 

 pn 22 =  for some integer p, hence 2n  is odd. 

 

 We have proved that the contrapositive statement is true, thus we have proved that the 

original statement is also true, ie if 2n  is even, then n is even. 

 

 Note 

 

The contrapositive of the statement ‘if A, then B’ is ‘if not B, then not A’. The statement 

and its contrapositive are logically equivalent, so the statement is true if its contrapositive is 

true (and vice versa). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



21. Prove by induction that, for all positive integers n, 
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 First prove true for 1=n , ie prove that   
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 LHS = RHS, hence true for 1=n . 

 

 Assume true for kn = , ie assume that   
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 Now prove also true for 1+= kn , ie prove that   
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kkk

12

122
 

                                             








−−−

++
=

kk

kk

1

12
 

 Hence also true for 1+= kn . 

 

 The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all positive integers n by induction. 

 

 

 

 

 

 

 

 



22. Prove by induction that, for all positive integers 1n , 

 

  











 −
=

10

)12(2 nn

n a
A ,   where 









10

2 a
. 

 

 First prove true for 1=n , ie prove that   











 −
=

10

)12(2 11

1 a
A . 

 

 LHS 







===

10

2
1

a
AA    and   RHS 








=








=












 −
=

10

2

10

)1(2

10

)12(2 11 aaa
 

 

 LHS = RHS, hence true for 1=n . 

 

 Assume true for kn = , ie assume that   











 −
=

10

)12(2 kk

k a
A . 

 

 Now prove also true for 1+= kn , ie prove that   











 −
=

++

+

10

)12(2 11

1

kk

k a
A  

                                                                                                 





















 −
===+

10

2

10

)12(211
aa

AAAAA
kk

kkk   [since by assumption 











 −
=

10

)12(2 kk

k a
A ] 

                                             













++

−+−+
=

)1(1)(0)0(1)2(0

)1)(12()(2)0)(12(22

a

aaa kkkk

 

                                             











 −+
=

10

)12(222 kkk aa
 

                                             











 −+
=

10

2222 1 aaa kkk

 

                                             











 −
=

+

10

222 1 aa kk

 

                                             











 −
=

+

10

222 11 aa kk

 

                                             











 −
=












 −
=

++++

10

)12(2

10

22 1111 kkkk aaa
 

                                              

 Hence also true for 1+= kn . 

 

 The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all positive integers 1n  by induction. 

 



 Note 

 

 The working to prove true for 1+= kn  could also be organised as follows: 

 

 



















 −
===+

10

2

10

)12(211
aa

AAAAA
kk

kkk   [since by assumption 











 −
=

10

)12(2 kk

k a
A ] 

                                             













++

−+−+
=

)1(1)(0)0(1)2(0

)1)(12()(2)0)(12(22

a

aaa kkkk

 

                                             











 −+
=

10

)12(222 kkk aa
 

                                             
( )













 −+
=

10

)12(222 1 kkk a
 

                                             
( )













 −
=

+

10

1)2(22 1 kk a
 

                                             











 −
=

+

10

)122(2 11 kk a
 

                                             











 −
=

++

10

)12(2 11 kk a
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



23. Prove by induction that 14 −n  is divisible by 3 for all positive integers n. 

 

 First prove true for 1=n , ie prove that 141 −  is divisible by 3. 

 

 )1(33141 ==− ,   so 141 −  is divisible by 3 and hence true for 1=n . 

 

 Assume true for kn = , ie assume that 14 −k  is divisible by 3. 

 Then   pk 314 =−    for some integer p       134 += pk    for some integer p 

 

 Now prove also true for 1+= kn , ie prove that 14 1 −+k  is divisible by 3. 

 

 1)4(414414 11 −=−=−+ kkk  

                                         1)13(4 −+= p  [since by assumption 134 += pk  for some p Z] 

                                         1412 −+= p  

                                         312 += p  

                                         )14(3 += p  

                                         m3=   where 14 += pm  

 

mk 314 1 =−+  for some integer m, so 14 1 −+k  is divisible by 3 and hence also true for 

1+= kn . 

 

The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all positive integers n by induction. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



24. Prove by induction that 238 −+ nn  is divisible by 5 for all integers 2n . 

 

 First prove true for 2=n , ie prove that 222 38 −+  is divisible by 5. 

 

)13(5651643838 02222 ==+=+=+ − ,   so 222 38 −+  is divisible by 5 and hence true for 

1=n . 

 

 Assume true for kn = , ie assume that 238 −+ kk  is divisible by 5. 

 Then   pkk 538 2 =+ −    for some integer p       2358 −−= kk p    for some integer p 

 

 Now prove also true for 1+= kn , ie prove that 2)1(1 38 −++ + kk  is divisible by 5. 

 

 112)1(1 3838 −+−++ +=+ kkkk  

                                  
121 3388 −+= kk
 

                                  )3(3)8(8 2−+= kk  

                                  )3(3)35(8 22 −− +−= kkp   [since by assumption 2358 −−= kk p  for some p Z] 

                                  )3(3)3(840 22 −− +−= kkp  

                                  )3(540 2−−= kp  

                                  )38(5 2−−= kp  

 

mkk 538 2)1(1 =+ −++
 for some integer m, so 

2)1(1 38 −++ + kk
 is divisible by 5 and hence also true 

for 1+= kn . 

 

The statement is true for 2=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all integers 2n  by induction. 

 

 Note 

 

 The basis for the proof by induction in this question is 2=n . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



25. Prove by induction that xx

n

n

enxxe
dx

d
)()( +=  for all integers 1n . 

 

 First prove true for 1=n , ie prove that   xx exxe
dx

d
)1()(

1

1

+= . 

 

 LHS )1()()()(
1

1

dx

d
ee

dx

d
xxe

dx

d
xe

dx

d xxxx +===    [using the product rule] 

                                                         )1(xx exe +=  

                                                         xx exe +=            

                                                         )1( += xe x                    

                                                         xex )1( +=  

                                                         =RHS 

 

 LHS = RHS, hence true for 1=n . 

 

 Assume true for kn = , ie assume that   xx

k

k

ekxxe
dx

d
)()( += . 

 

 Now prove also true for 1+= kn , ie prove that   xx

k

k

ekxxe
dx

d
)1()(

1

1

++=
+

+

. 

 

 







=

+

+

)()(
1

1
x

k

k
x

k

k

xe
dx

d

dx

d
xe

dx

d
 

                               ( )xekx
dx

d
)( +=         [since by assumption xx

k

k

ekxxe
dx

d
)()( += ] 

                               )()()( kx
dx

d
ee

dx

d
kx xx +++=       [using the product rule] 

                               )1()( xx eekx ++=  

                               xx eekx ++= )(  

                               ( )1)( ++= kxe x  

                               xekx )1( ++=  

 

 Hence also true for 1+= kn . 

 

The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all integers 1n  by induction. 

 

 

 

 

 



 Note 

 

)( x

n

n

xe
dx

d
 is the nth derivative of xxe , ie the function obtained by differentiating xxe  

 n times. 

 

)(
1

1
x

k

k

xe
dx

d
+

+

 is the function obtained by differentiating xxe  )1( +k  times and )( x

k

k

xe
dx

d
 is 

the function obtained by differentiating xxe  k times 

 

To find )(
1

1
x

k

k

xe
dx

d
+

+

, you just need to differentiate )( x

k

k

xe
dx

d
. 

 

Hence 







=

+

+

)()(
1

1
x

k

k
x

k

k

xe
dx

d

dx

d
xe

dx

d
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



26. Prove by induction that  
 

     nini n sincos)sin(cos +=+  

 

 for all integers 1n . 

 

 First prove true for 1=n , ie prove that    1sin1cos)sin(cos 1 ii +=+ . 

 

 LHS  sincos)sin(cos 1 ii +=+=    and   RHS  sincos1sin1cos ii +=+=  

 

 LHS = RHS, hence true for 1=n . 

 

 Assume true for kn = , ie assume that    kiki k sincos)sin(cos +=+ . 

 

 Now prove also true for 1+= kn ,  

 ie prove that    )1sin()1cos()sin(cos 1 +++=+ + kiki k . 

 

 11 )sin(cos)sin(cos)sin(cos  iii kk ++=+ +  

                                         )sin)(cossin(cos  ikik ++=  [by assumption] 

                                          sinsinsincoscossincoscos 2 kikikik +++=   

                               sinsinsincoscossincoscos kkikik −++=  

                                         )sincoscos(sin)sinsincos(cos  kkikk ++−=  

                                         )sin()cos(  +++= kik  

                                          )1sin()1cos( +++= kik  

 

 Hence also true for 1+= kn . 

 

The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all integers 1n  by induction. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



27. Prove by induction that for 0a , 
 

    naa n ++ 1)1(  

 

 for all positive integers n. 

 

 First prove true for 1=n , ie prove that   aa 11)1( 1 ++ . 

 

 aaa 111)1( 1 +=+=+        aa 11)1( 1 ++ ,   hence true for 1=n . 

 

 Assume true for kn = , ie assume that   kaa k ++ 1)1( . 

 

 Now prove also true for 1+= kn , ie prove that   aka k )1(1)1( 1 +++ + . 

 

 11 )1()1()1( aaa kk ++=+ +  

                           )1)(1( aka ++   [since by assumption kaa k ++ 1)1( ] 

                           21 kaaka +++=  

                           2)1(1 kaak +++=  

                           ak )1(1 ++   [since 02 ka ] 

 

 Hence also true for 1+= kn . 

 

The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all positive integers n by induction. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



28. The square matrices A and B are such that BAAB = .  

 Prove by induction that nn BABA =  for all integers 1n . 

 

 First prove true for 1=n , ie prove that   11 BABA = . 

 

 LHS ===== 11 BABAABBA RHS   

 

 LHS = RHS, hence true for 1=n . 

 

 Assume true for kn = , ie assume that   kk BABA = . 

 

 Now prove also true for 1+= kn , ie prove that   11 ++ = kk BABA . 

 

 BAABA kk )( 11 =+  

                      )(ABAk=  

                      )(BAAk=  [since BAAB = ] 

                      ABAk )(=   

                      ABAk )(=  [since by assumption kk BABA = ] 

                      )( 1AAB k=  

                      
1+= kBA  

 

 Hence also true for 1+= kn . 

 

The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all integers 1n  by induction. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



29.(a) We will use a direct proof to prove that the product of two odd integers is odd. 

 

 Let a and b be two odd integers. 

 Then 12 += ka  and 12 += pb  for some integers k and p. 

 

 )12)(12( ++= pkab  

                     1224 +++= pkkp  

                  1)2(2 +++= pkkp  

                  12 += m    where pkkpm ++= 2  

 

 12 += mab  for some integer m, hence ab  is odd. 

 

     (b) Let p be an odd integer.  

Use the result of (a) to prove by induction that np  is odd for all positive integers n. 

 

First prove true for 1=n , ie prove that 1p  is odd. 

 

pp =1  and since p is odd, this means that 1p  is odd, hence true for 1=n . 

 

Assume true for kn = , ie assume that kp  is odd. 

 

Now prove also true for 1+= kn , ie prove that 1+kp  is odd. 

 

ppppp kkk ==+ 11  

 

Now p is odd and by assumption, kp  is odd. 

Hence 1+kp  is the product of two odd integers and the product of two odd integers is odd 

from (a). 

Thus 1+kp  is odd, hence true for 1+= kn . 

 

The statement is true for 1=n  and if true for kn = , then it is also true for 1+= kn . 

 Hence the statement is true for all positive integers n by induction. 

 

 

 

 

 


