ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Complex Numbers 2

1. z=2+3i — plot(2,3)
Z=2-3i — plot(2,-3)

22 =(2+31)* =4+12i +9i1° =4+12i—-9=-5+12i — plot (-5, 12)

z? =5 +12i




Z:(1+2i)2:1+4i+4i2:1+4i—4:—3+4i
7-1i 7-i 7-i 7-i
(-3+4i)(7+i)
AEED
_ —21+25i +4i°
S 492
_ —21+25i-4
© 4941
_ —25+25i
50

b | =

L

b2 | =

e,

tanag=25=1 = a=tan'1=45° = @=180°-45°=135°
5
Hence |z|:i and arg(z) =135°.
J2
Note

The argument of a complex number can be expressed in degrees or radians.

In radians, arg(z) = 377[



1+3i  (1+3i)@+2i) 1+5i+6i° 1+5i—6 —5+5i 14

1-2i  (1-2i)@+2i)) 1-4i>*  1+4 5
Let z=1+3!=—l+i — plot (-1, 1)
1-2i
Ya
z=—1+i
1 ¥
ot
1 0O T x

r=v1?+12 =J1+1=+2
tana:%:l — a=tan'1=45° = @ =180°-45°=135°
Hence |z|:\/§ and arg(z) =135°.

Note

The argument of a complex number can be expressed in degrees or radians.

In radians, arg(z) = 377[



To determine the modulus and argument of the complex number li first express % in

the form a+bi.

1 11+i0) _1+i_1+i_1+i_i+ii
1-i @-ia+i) 1-i* 141 2 2 2

Let z:i_:i+1i — plot ll
1-i 2 2 2 2

Ya

[ =

k J

b | =

tanezé:l = 6H=tan'1=145°

H

Hence |z|= and arg(z) = 45°.

i

Note

The argument of a complex number can be expressed in degrees or radians.

In radians, arg(z) = %



7=1-3i = Z=1++/3i
(2)? =1+ V3i] =1+243i +3i% =1+ 243 —3= -2+ 23

To express (Z)? in polar form, plot (Z)* on an Argand diagram and find the modulus and

argument of (2)°.

(2)? =—2+243i — plot (-2,2V3)

(2)? =-2+2-f3i

_| v

L J

[ )

D x

r=+22+(2V3f =Va+12 =16 =4
tana:¥:\/§ = a=tan'/3=60° = ©=180°—60°=120°
polar form: (Z)? =r(cos@+isind) = (Z)* =4(cos120°+isin120°)

Note

The argument of a complex number can be expressed in degrees or radians.

In radians, 6 = 2?7[ leading to the polar form (z)? = 4(cos%r +1sin ?ﬂj .



.1
Z=—-1+—
1-1i

To express z in the form x + yi, first simplify %
—i

1 1A+i) 1+ 1+ 1401 1.

- - el —+=i
1-i @A-D@A+i) 1-i* 1+1 2 2 2
Then Z=—i+—:—|+1+_|:1__|

-1 2 2 2
. 1 1
Hence z = X+ i Wherex:zand y:—z.

1 1. 1 1
z==-=i — plot|=-=

2 2 2 2

J"Ijh
1
2
0\ g
1
;
¥ =
1 1
I=———1]
2 2

o)

tanag=2%5=1 = a=tan'1=45° = @=-45°

%

Hence |z|= and arg(z) = —45°.

S



1. - 1 1. 11
I==-=1 => ZI==+=i — plot|=,=
2 2 2 2 2

The complex numbers z and z are plotted on the Argand diagram below.

b | =

v

o
b || =
'_<

ko | =

——1
2

b | =

Notes
1) Remember that —180° <arg(z) <180° or —z<arg(z)<r.

(2)  The argument of a complex number can be expressed in degrees or radians.

In radians, arg(z) = —%.



z=~21+i)=+2+2i — plot (\/E\/E)

z=~..E+~..Ez'

r=\W2f +(V2f =v2r2=Va-2

V2
2

tan@ = =1 = 6O=tan'1=45°

polar form: z=r(cos@+isingd) = z=2(cos45°+isin45°)

There are several different methods for finding z*.
Method 1

By de Moivre’s theorem: z* = [Z(COS 45° +isin 450)]4
= 2*(cos 4(45°) + isin 4(45°))
=16(c0s180° +isin180°)
=16(-1+0i)
=16(-1)
=-16

Hence z*+16=-16+16=0, as required.



Method 2

22 = (V2@+i)f = 20 +i)? = 201+ 20 +?) = 21+ 2i —1) = 2(2i) = 4i
2% =17%2% = (4i)(4i) =16i* =16

Hence z*+16=-16+16=0, asrequired.

Notes

(1)  Analternative way of expressing z = v/2(1+1i) in polar form is to first express the
complex number 1+1i in polar form.

It can easily be shown that in polar form, 1+i= ﬁ(cos 45° +isin 45°),
hence z= \/§(1+ )= V2 x \/E(cos45° +15in 45°) = 2(cos45° +isin 45°) .

(2)  The argument of a complex number can be expressed in degrees or radians.

In radians, 6 :% leading to the polar form z = Z(COS% +1isin %) .

(3) A binomial expansion could also be used to find z*.



8.(a)

(b)

(©)

z=3+i — plot (\/51)

Y

SN S T S

1 1
tand=— = @H=tan?| — |=30°

Hence |z/=2 and arg(z)=30°.
=3+ = 7=+3-i
J3-i_(V3-i)V3-i)_3-2/3i+i® _3-23i-1_2-23 _1-\3i 1 3.

CB3+i (VB3+ifV3-i)  3-i? 3+1 4 2 2 2

Z
z

polar form: z=r(cos@+isind) = z=2(cos30°+isin30°)

By de Moivre’s theorem: z°® =[2(cos30° + isin 30°)]*
= 2°(cos 6(30°) +isin 6(30°))
= 64(cos180° +isin180°)
= 64(~1+ 0i)
=64(-1)
=-64

Note

The argument of a complex number can be expressed in degrees or radians.

In radians, arg(z) :%.



9.() z=+3-i — plot (13,-1)

Y

(b) To express the complex number w=az in polar form, first express z in polar form.

r:\/(\/g)erlZ =J3+1=+/4=2

tanoz:i = a:tan‘l(ij:BO" = 6=-30°

N N
polar form: z=r(cos@ +isind) = z=2(cos(-30°)+isin(-30°))

Then w = az = ax 2(cos(-30°) +isin(-30°))
= 2a(cos(—30°) +isin(-30°))

(c) By de Moivre’s theorem: w® = [2a(cos(—-30°) + isin(-30°))[°
= (2a)®(cos8(~30°) + i sin 8(—30°))
= 256a°(cos(—240°) + i sin(—240°))

= 256a8(—£+£i]
2 2
= 256a° x%(_1+\/§i)
—128a°(-1+iV3)
Notes
1) Remember that —180° <arg(z) <180° or —z<arg(z)<r«.

(2) The argument of a complex number can be expressed in degrees or radians.

In radians, 6 = —% leading to the polar form w= 2a[cos(— %) + isin[— %D



10.  de Moivre’s theorem: (cos@+isin@)" =cosnéd +isinnd

11
By de Moivre’s theorem: cos = +isin = | =cos1l = |+isin11 =
18 18 18 18
11z . . 1lx
=COS——+1ISINn —
18 18

4
By de Moivre’s theorem: cos = +isin = | =cosd| = |+ising =
36 36 36 36

n .. T
:cos§+|sm—

11
[cosﬂ+isin 17;) cost Y Lisin1F
Hence - 18 18

4
T . . T
C051+isin ﬂ.j COS*+|S|n§

11~ . . 11 T .. T
COS—— +1SIn COS——1SINn —
B ( 18 18 )( 9 9}

cos —+isin = | cos - —isin =
( 9 9)( 9 9]

r .. 1lx T . 117 .~ ., . 1lr . &
COS——COS—+1ISIn——COS——1COS——SIN——1"SIn——SIN —
18 9 1 9

T . . T
COSzg—IZSInz—

Tz .. 1lx T 117 . » . 1ln . «
COS——COS—+1SINn —C0S— —1CO0S——SIN — +SIn ——SIN —
_ 18 9 18 9 18 9 18 9

2T . o T
COS™ —+SIn"™ —
9 9

[since i =-1]

11~ r 11z . 7\ .[ . 1lx Vs 117 . «
COS——CO0S— +SIn ——SINn — |+ 1I{ SINn ——C0S— — CO0S——SIN —
18 9 18 9 18 9 18 9

[since sin? Z +cos? % =1]
1 9 9

11z 7z 11z . x\ . . 1lx T 117 . «
=| COS——CO0S— +SIn ——SIN — |+ 1} SINn ——C0S— — COS——SIN —
18 9 18 9 18 9

. . 117 - A1z .
The real part of this complex number is cos—2-cos~ +sin =—-sin Z..



From Higher, we have the addition formula cos(A— B) =cos AcosB +sin Asin B.

11x 7z . 1lr . & 117
Hence cos——coS— +SIn——sSin— =co0§ —— — —
18 9 18

9 18 9
_cog Hr_27
18 18

O

=C0S—

18

s

= C0S—

This proves that the real part of ! 18 - Is zero, as required.
cos = +isin -~
36

11
T .. 7
(COS+ISIH)




11.  The quadratic equation z* — J8z+4=0 must be solved using the quadratic formula.

a=1,b=-8,c=4 = b? —4ac:(—\/§)2 -4(1)(4)=8-16=-8
b® —4ac < 0, so the equation has non-real roots.

_—bi\/b2—4ac_—(—J§)i\/—_8_\/§i\/§i_zﬁizﬁi_ﬁ+\/§i
- 2a - 2(1) 2 2 T

z

Denote the two roots by z, and z,, where z, =+/2++/2i and z, =2 -4/2i.

z, =J2+2i > plot (\/E\/E)

Y

.‘r

r=\W2f +(V2f =v2r2=Va -2

V2
2

tan@ = =1 = @H=tan?t1=45°

Hence |z]=2 and arg(z,)=45°.
22:\/5—\@ — plot (\/5—\/5)

Note that z, is the complex conjugate of z,, hence |z,|=2 and arg(z,)=—45°.



The complex numbers z, and z, are plotted on the Argand diagram below.

7 :qﬁ'l'ﬁ!.

N

v

Notes

1) Remember that —180° <arg(z) <180° or —z<arg(z)<r.

(2)  The argument of a complex number can be expressed in degrees or radians.

In radians, arg(z,) :% and arg(z,) =—%.

(3) If you know the modulus and argument of a complex number z, you can write down
the modulus and argument of the complex conjugate Z since |z| =|z| and

arg(z) = —arg(z) .



12.(a) 2+23i - plot (2,2\/§)

2+ 2430

6 [

H‘lr

O

[ ]

r=y22+(2V3f =Va+12 =16 =4
tan0:¥:\/§ — O=tan'/3=60°

Hence the modulus of the complex number 2+ 2+/3i is 4 and the argument is 60° .

(b) We are required to find the two complex numbers z such that z* = 2 + 24/3i.
We therefore need to find the two square roots of the complex number 2 + 24/3i.

First express the complex number 2 + 2+/3i in polar form.
polar form: 2+ 2+/3i = r(cosé+isingd) —= 2+ 2+/3i = 4(cos60° +isin 60°)
Then z2=2+2V3i = z?= 4(cos60° +isin 60°)

The first square root, z,, is found using de Moivre’s theorem:
1 1 1 1
z, =[4(cos60° +isin 60°)]? =42 (0055(600) +isin 5(600)j = 2(c0s30° +isin 30°)
On an Argand diagram, the second square root, z,, will lie directly opposite the first root, z,, ona

circle with centre O.

Hence z, = 2(cos(30°+180°) +isin(30° +180°)) = 2(cos 210° + i sin 210°) .

The two square roots are  z, = 2(c0s30°+isin30°) and z, =2(cos210°+isin 210°).



() z, =2(cos30°+isin30°) and z, =2(cos210°+isin 210°)

The two square roots, z, and z,, are plotted on the Argand diagram below.

-
=

b

30°

T

Note

The argument of a complex number can be expressed in degrees or radians.

In radians, the argument of the complex number 2 + 2/3i s %



13.(a) 8=8+0i — plot(8,0)

.:L' ' 3

Without calculation, clearly r=8 and 6 =0.
Hence 8=r(cos@é+isind) where r=8and 6=0.

(b) The three roots of the equation z*® =8 are the three cube roots of 8.
2°=8 = 17°®=8(cos0+isin0)

The first cube root, z,, is found in polar form using de Moivre’s theorem:

1 1

z, =[8(cos0+isin 0)]* =83 (cos% (0) +isin %(O)J =2(cos0+isin0)
On an Argand diagram, the three cube roots will be equally spaced on a circle with centre O.

Working in degrees, 3—20 =120°, hence z, = 2(cos(0+120°) +isin(0+120°))

= 2(c0s120° +1isin120°)

and  z, = 2(cos(120°+120°) +isin(120° +120°))
= 2(cos 240° +isin 240°)



(©)

The three cube roots can now be expressed in Cartesian form:

z, =2(cos0+isin0) =2(1+0i) =2(1) =2

z, =2(c0s120° +1isin120°) = 2(— % + ? iJ = —1++/3i

z, = 2(c0S240° + i sin 240°) = 2 —Lﬁi =—1-+/3i
: 2 2

(1) Z,+2,+1, :2+(—1+\/§i)+(—1—\/§i)
=2-1++/3i-1-3i

=0
(i)  Method 1

Note that z,, z, and z, are solutions of the equation z* =8, hence z,° =8, z,° =8

and z,° =8.

Then z,°+2z,°+2,° = (213 )2 + (223)2 + (233)2
=8°+8°+8°
— 64+ 64 + 64
=192

Method 2
2,=2 = 1,°=2°=64
z,° and z,° can be found using de Moivre’s theorem.

z, = 2(c0s120° +isin120°) = z,° =[2(c0s120° +isin120°)[°
= 2°(cos 6(120°) + i sin 6(120°))
= 64(cos720° +isin 720°)
= 64(1+ 0i)
= 64(1)
=64



14.

z, = 2(c0s240° +isin 240°) = z,° =[2(cos240° +isin 240°)]°
= 2°(cos 6(240°) + i sin 6(240°))
= 64(c0s1440° +isin 1440°)
= 64(1+ 0i)
= 64(1)
=64

Hence z,°+2,°+2,’ =64+64+64=192.

Note

Working in radians gives, in polar form,

2r . 2« dr . Az
z, =2/ cos—+sin— | and z, =2 cos— +sin— |.
3 3 3 3

Let z=x+yi.

Then |z+i|=2 (x+yi)+i[=2

X+ (y+Di[=2

VX2 +(y+1)? =2

x> +(y+1)* =4

U A

The equation of the locus of z in the complex plane is x* +(y+1)*=4.
The locus of z is the set of points on the circle with centre (0, —1) and radius 2.

Notes
(1)  The modulus of the complex number a+bi is given by |a+bi| =va® +b? .

(2)  The equation of the circle with centre (a, b) and radius r is (x—a)* +(y —b)*> =r?.



15.(a) Let z=x+yi.

Then [z-1=3 = |(x+vi)-1=3
= |(x=1)+yi|=3
=
=

Jx=1)%+y* =3

(x-D*+y?=9

The equation of the locus of z in the complex plane is (x—1)>+y* =9.
The locus of z is the set of points on the circle with centre (1, 0) and radius 3.

(b) If |z —]4 <3, the locus of z is the set of points on or inside the circle with centre (1, 0) and
radius 3.

The region in the complex plane given by |z —JJ < 3 is shaded in the diagram below.

v

.
-2 O (.0 4 x

Notes
(1) The modulus of the complex number a+bi is given by |a+bi| =va® +b? .

(2)  The equation of the circle with centre (a, b) and radius r is (x—a)* +(y —b)*> =r?,



16.

Let z=x+yi.

Then [z2-2|=|z+i| |(x+ yi)— 2| = |(x + i) +il

|(x=2) + yi| =[x+ (y + D)

J(x=2)? +y? = x* +(y +1)?
(x=2)2+y>=x>+(y+1°

XP—Ax+4+y  =x>+y*+2y+1
—4x+4=2y+1
—4x-2y+3=0

4x+2y-3=0

U A R

Hence ax+by+c=0 wherea=4,b=2 and c=-3.

The equation of the locus of z is of the form ax + by + ¢ = 0, hence the locus of z is a
straight line.

The locus of z is the set of points on the straight line with equation 4x+2y—-3=0.

To sketch the straight line with equation 4x+ 2y —3 =0, find the points where the line
crosses the x-axis and y-axis.

The line crosses the y-axis when x=0 = 4(0)+2y-3=0

= 2y-3=0
= 2y =3
3 . 3
= =— = point|0,—
y=3 = point 03]
The line crosses the x-axiswhen y=0 = 4x+2(0)-3=0
= 4x-3=0
= 4x =3
= x:§ = point (%Oj

4



The locus of z is shown on the Argand diagram below.

4x+2y-3=0

Note

The modulus of the complex number a + bi is given by |a + bi| =+va’ +b*.



17.

Let z=x+yi.

Then |z|=|z-2+2i X+ yi| =|(x+ yi) — 2+ 2i

X+ yi| =|(x=2) + (y + 2)i|

JXE+y? = J(x=2)% +(y+2)?
X2 +y =(x-22+(y+2)°

X2 +y>=x—4x+4+y* +4y+4
0=-A4x+4+4y+4
0=-4x+4y+8

4x-4y-8=0

X—y—-2=0

O L O 2

y=x-2
The locus of z is the set of points on the straight line with equation y =x-2.

To sketch the straight line with equation y = x — 2, find the points where the line crosses the
x-axis and y-axis.

The line crosses the y-axiswhen x=0 = y=0-2=-2 = point(0,-2)
The line crosses the x-axiswhen y=0 = 0=x-2 = x=2 = point(2,0)

The locus of z is shown on the Argand diagram below.

Note

The modulus of the complex number a +bi is given by |a +bi| = va® +b?* .



18.(a) Let z=x+yi.

Then [z+i=1 = |(x+yi)+i|=1

= |x+(y+Di =1

= JYX*+(y+1)® =1

= X’ +(y+1)’=1

The equation of the locus of z in the complex plane is  x* + (y +1)* =1.
The locus of z is the set of points on the circle with centre (0, —1) and radius 1.

(b) Let z=x+yi.
Then [z-1=|z+5| |(x+ yi) =1 =|(x+ yi) +5|
|(x=1) + yi| = |(x +5) + Vi

\/(x—l)z +y? :\/(x+5)2 +y?
(x=1D%+y*=(x+5)°%+y?
X* = 2X+1+y® = x* +10x + 25 + y?
—-2X+1=10x+25
—12x-24=0
12x+24 =0
X+2=0
X=-2

L I A

The equation of the locus of z in the complex plane is x =-2.
The locus of z is the set of points on the vertical line with equation x =-2.

Notes
(1) The modulus of the complex number a+bi is given by |a+bi| =va® +b? .

(2)  The equation of the circle with centre (a, b) and radius ris (x—a)® +(y —b)*> =r?,



19.(a) Let z=x+yi.

Then 22=|Z|2—4 = (x+yi)2:|x+yi|2—4

= x2+2xyi+y2i2:(1/x2+y2)2—4
= X 42xyi-y?=x>+y? -4

= (X*-y)+2xyi=x’+y* -4

x2—y2=x2+y’—4

Equating real parts —
= -y’=y’-4
= 2y’=
= y?=2
= y:i\/i

Equating imaginary parts = 2xy=0 = xy=0 ..(1)
Substitute y =~/2 into equation (1) = x(12)=0 = x=0 = z=0+2i=2i

Substitute y = —+/2 into equation (1) = x(—\/E):O = x=0
= z:O+(—\/§i):—\/§i

Hence the two solutions of the equation are z = V2i and z=-2i.
(b) Let z=x+yi.

Then 2% =i(z’ -4) = (x+yi)? =ix+yi*-4)
= (X -y*)+2xyi=i(x*+y* -4) [using the working in (a)]

Equating real parts = x*-y’=0 = y’=x* = y==*x
Equating imaginary parts = 2xy=x’+y> -4 ..(2)
Substitute y = x into equation (2) = 2x(x) = x* +x* -4

= 2x*=2x*-4

= 0=-4

This equation has no solution, hence y # x.



Substitute y = —x into equation (2) = 2x(—X) = x* +(-x)* -4

—2X* =x*+x" -4

=
= —2x*=2x*-4
= 4x* =4
= x? =1
= x==1

y=-X,sowhen x=1, y=-1 = z=1-i

y=-x,sowhen x=-1, y=1 = z=-1+i

Hence the two solutions of the equationare z=1-i and z=-1+i.



20.(a) z=cos@+isin@
By the binomial theorem:
z* = (cos@ +isin9)*
4 40 o (4 3(i ai L (4 205 i > (4 1fi i 3
=l o (cos@)"(isin8)” + 1 (cosO)°(isinB)" + 5 (cos@)“(isin )" + 3 (cos@) (isin 9)
4 0(i i 4
+ 4 (cos@)”(isin 0)
=cos* @+ 4cos® A(isin @) + 6¢os® O(i° sin? @) + 4cos H(i°sin® @) +i*sin* @
=cos* @+ 4cos® O(isin ) + 6¢cos® O(—1)sin* @ + 4cos B(—i)sin® @ +1sin* @

=cos* @ + 4icos® @sin @ —6cos? @sin? @ —4icosfsin® @ +sin* @
= (cos* @ —6cos” Bsin? @ +sin* @) +i(4cos® Gsin & — 4cos Hsin® 9)

real part of z* =cos* @ —6cos” #sin’ @ +sin* @

imaginary part of z* = 4cos® @sin & —4cos@sin® @
(b) By de Moivre’s theorem: z* = (cos@+isin6)* = cos46 +isin 46
(c) Equating real parts of z* = cos46 =cos* @ —6cos”dsin® & +sin* 6
(d) cos4é =cos* @—6¢os® dsin’ 6 +sin* @

To express cos46 inthe form k(cos™ 6 —cos"6) + p, we must write sin® @ and sin* 6
in terms of cos@.

sin@+cos’f=1 = sin*@=1-cos’ g
sin* @ =sin?@sin® @ = (1—cos’® G)(1—cos’P) =1—2cos*> & +cos* @

Hence cos46 =cos* @ —6cos’@sin® @ +sin’ 6
=cos* 6 —6c0s® O(1—cos® H) +1—2cos> @ +cos* @
=cos* 6 —6cos® 6 +6¢cos* @+1—2cos? @ +cos’ 6
=8cos* @—-8cos® 6 +1
=8(cos* §—cos? ) +1

Hence cos48 =k(cos™ @—cos" @)+ p where k=8, m=4,n=2 and p=1.



21.(a)

Let z=cos@+ising.
By de Moivre’s theorem: z° = (Cos@ +isin #)° = cos56 + isin 50
By the binomial theorem:
z° = (cos @ +isin 8)°
5 55 ai 0 5 45 ai 1 5 3(i ai 2 5 2 (5 o 3
=0 (cosO)’(isin@)” + 1 (cos@)”(isin)" + 5 (cos@)°(isin @) + 3 (cos@)“(isin 9)

+ Gj(cos@)l(i sin@)* + (gj(cose)o (isin 0)°

= cos® 6 +5cos” G(isin 8) +10cos® G(i? sin? @) +10cos® A(i* sin® #) + 5cos A(i* sin* ) +i°sin° @
= cos® @ +5cos* (isin #) +10cos® 9(-1)sin? # +10cos’® O(—i)sin® & +5cosO(1)sin* @ +isin® @
= cos’ @ +5i cos” @sin @ —10cos® @sin? @ —10i cos® Asin® @ +5cosGsin* @ +isin® 6

= (cos® @ —10cos® @sin” & +5cos@sin* ) +i(5cos” Gsin & —10cos® sin® & +sin® )

(b)

Equating imaginary parts of z° = sin56 =5cos” @sin & —10cos” sin® @ +sin® 4
Hence sin50 =kcos* @sin @ +1cos? @sin® @+ msin®6 where k =5, 1 =-10 and m =1.
sin 50 = 5cos* @sin 6 —10 cos” @sin® @ +sin° @

To express sin 56 entirely in terms of sin @, we must write cos* @ and sin” @ in terms of
sing.

sinf+cos’6=1 = cos’@=1-sin’*H
cos* @ =cos® @cos® @ = (1-sin? G)(L-sin® G) =1—2sin* H +sin* @

Hence sin5@ =5cos* @sin @ —10cos® @sin® @ +sin® @
=5(1—2sin? @ +sin* #)sin & —10(1—sin? H)sin® G +sin° 6
=5sin @(1—2sin? @ +sin* #) —10sin> H(1—sin’ ) +sin° @
=5sin#—10sin® @ +5sin® 6 —10sin® # +10sin® @ +sin® @
=5sin@—20sin® @ +16sin° 6

sin50 =5sin @ —20sin®0+16sin° @ or sin50 =16sin° & —20sin® @ +5sin &



22.(a) Let z=cos@+ising.
By the binomial theorem:
z* = (cos@ +isin9)*
4 40t o 0 4 30t i 1 4 21 i 2 4 1fi o 3
=l o (cos@)"(isin8)” + 1 (cos@)°(isin B)" + 5 (cos@)“(isin )" + 3 (cos@) (isin 9)
4 0(i oi 4
+ 4 (cos@)"(isin 6)
=cos”* @+ 4cos® 4(isin @) + 6¢cos” (i sin® @) + 4cos O(i°sin® @) +i*sin’ @
=cos® @+ 4cos® O(isin ) + 6cos® O(—1)sin* @ + 4cos B(—i)sin® @ +1sin* @

=cos* @ + 4icos® @sin @ —6cos? @sin? @ —4icosfsin® @ +sin* @
= (cos* @ —6¢os” @sin? @ +sin* O) +i(4cos® Gsin 6 — 4cosHsin® )

Hence z*=u+iv where u=cos*@—-6cos’@dsin’@+sin*é
and v =4cos®@sin®—4cosfsin 6.

(b) By de Moivre’s theorem: z* = (cosé +isin #)* = cos46 +isin 46
(c) First find an expression for cos46.

Equating real parts of z* = co0s46 =cos”* @ —6cos® dsin’ 6 +sin*

4 .

To show that 0032 0_ pcos® @+ qsec’ @ +r = pcos’ O+ qz +r, note that this
cos @ cos @

expression involves cos@ only which suggests that we write cos4é entirely in terms of

cosd .
cos46 = cos* @ —6¢os? Asin® @ +sin* 6

To express cos46 entirely in terms of cos@, we must write sin® @ and sin* @ in terms of
cosé.

sin6+cos’d=1 = sin®@=1-cos’*éd
sin® @ =sin”@sin* @ = (1-cos® @)(L—cos’@) =1—2cos* & +cos” @

Hence cos46 =cos* @ —6cos®@sin? 6 +sin’ @
=cos* @ —6c0s” O(1—cos® @) +1—2cos® @ +cos* 6
=cos* 6 —6¢c0s” @ +6¢0s* @+1—2cos” H+cos*
=8cos* @—-8cos” 6 +1



cos4d 8cos' @ —8cos’ H+1
cos? 0 cos? 0
8cos*@® 8cos’ 6 1
= - +
cos’d cos’@ cos’ @

=8c0s’ #—8+sec’ @ [since sec” @ =

1
cos? @
=8cos’ @ +sec?0-8

cos4o
cos’ 6

Hence = pcos’@+qsec’@+r where p=8,q=1and r=-8.



23.(a) z=cos@+isind
By de Moivre’s theorem: z* = (cos@ +isin 8)* = cos46 +isin 46

By the binomial theorem:

z* = (cos@ +isin9)*
4 405 o 0 4 35 i 1 4 25 o 2 4 13 i 3
:(OJ(COSH) (isin ) +(1J(cos¢9) (isin O) +(2J(cos¢9) (isin 6) +(3J(cose) (isin 9)

4
+(4J(cos(9)°(isin 0)*
=cos”* @+ 4cos® 4(isin @) + 6¢cos” (i sin® @) + 4cos O(i°sin® @) +i*sin’ @
=cos” @+ 4cos® O(isin ) + 6cos® O(—1)sin* @ + 4cos B(—i)sin® @ +1sin* @

=c0s* @ + 4icos® Osin @ —6cos? @sin? @ —4icosfsin® @ +sin* @
= (cos* @ —6¢os” @sin? @ +sin* @) +i(4cos® Gsin 6 — 4cosHsin® )

(i) Equating real parts of z* = 0S40 =cos* §—6cos* dsin? @ +sin’

(i) Equating imaginary parts of z* = sin46 = 4cos® @sin @ — 4cos@sin® 6

sin40 _ 4cos® §sin @ —4cosdsin® O

b) tan4é = =
(b) cos46 cos* @ —6cos?Hsin? @ +sin o

[now divide all terms by cos* ]

4cos® @sin@ 4cos@sin® @
_ cos’d  cos*
cos*d 6cos” fsin® 4 . sin® @
cos’ @ cos’ @ cos’ @

4sing 4sin® @

__cos® _cos’o
6sin’@ sin‘o

1- T
cos“@d cos'd

_ 4tanf-4tan’0
1-6tan® @ +tan* @




24.(a) w=cosé@+isiné

1 1 1(cos@ —isin @)

wo cos@ +isin g - (cos@ +isin 8)(cosd —isin H)

_ cos@—ising
cos’ @ —i’sin® 0

_ Cos@—ising
cos? @ +sin’ @
:w [since sin® @ +cos® 6 =1]

=Cc0s@ —isin g
(b) By de Moivre’s theorem: w* = (cosé +isin 8)* = cosk@ +isin k&

W _ 1 1 1(cosk@ —isin k&)

W cosk@+isinkd (cosk@ +isin kd)(coskd —isin ko)

_ cosk@—isinkd
cos’ k@ —i’sin? ko

_ coskd—isinkd
cos® k@ +sin? k@

_ cosk@—isinkd
1

[since sin? k@ +cos® k@ =1]

=coskd —isinkd

Hence w* +w™ = (coské +isink®) + (coské +isinkd)

=cosk@ +isink@+cosk@ —isinké
= 2coskd

(c) By the binomial theorem:

(w+w™)* = [gjw“ (W)’ + GJM (wh) + (ng (w™)? + (gwl (wt)* + C‘jw(’ (wt)*

=w! + 4wt + ewlw? +4wtw S +w
=w* +4w? + 6w’ +4w? +w™
=w*+4w? +6+4w 2 +w



wW+wH* =w* +4w’ +6+4w > +w™

The LHS and RHS of the above equation can be simplified using the fact that
WK +w ™ =2cosk@ from (b).

LHS=(w+w™)* =(2cosd)* =16cos* @  [since W' +w ™" =2cos18 = 2¢cos O]

RHS=w* +4w? +6+4w> +w™

=W +w) +4wW +w?)+6 [grouping terms of the form w* + w™]
= 200s 46 + 4(2c0s 26) + 6 [using w* +w™ = 2coské]
=2c0s46 +8cos 26 + 6

Hence 16cos* @ =2cos40+8c0s260+6 — cos40=%cos40+%00320+§



