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Solutions to Exam Questions on Complex Numbers 2 

 

1. iz 32 +=    →   plot (2, 3) 

 

 iz 32 −=    →   plot (2, −3) 
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tan ==        == − 451tan 1        =−= 13545180  

 

 Hence   
2

1
=z    and   = 135)arg(z . 

 

 Note 

 

 The argument of a complex number can be expressed in degrees or radians. 

 In radians, 
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 Hence   2=z    and   = 135)arg(z . 

 

 Note 

 

 The argument of a complex number can be expressed in degrees or radians. 

 In radians, 
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4. To determine the modulus and argument of the complex number 
i−1

1
, first express 

i−1

1
 in 

the form bia + . 
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 Hence   
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=z    and   = 45)arg(z . 

 

 Note 

 

 The argument of a complex number can be expressed in degrees or radians. 

 In radians, 
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5. iz 31−=        iz 31+=  
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To express 2)(z  in polar form, plot 2)(z  on an Argand diagram and find the modulus and 

argument of 2)(z . 

 

 iz 322)( 2 +−=    →   plot ( )32,2−  
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tan ==        == − 603tan 1        =−= 12060180  

 

 polar form:   )sin(cos)( 2  irz +=        )120sin120(cos4)( 2 += iz  

 

 Note 

 

 The argument of a complex number can be expressed in degrees or radians. 

 In radians, 
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 To express z in the form yix + , first simplify 
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 Hence yixz +=  where 
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=x  and 
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 iz
2

1

2

1
−=        iz

2

1

2

1
+=    →   plot 









2

1
,

2

1
 

 

 The complex numbers z and z  are plotted on the Argand diagram below. 

 

               
 

 Notes 

 

(1) Remember that   − 180)arg(180 z    or   − )arg(z . 

 

(2) The argument of a complex number can be expressed in degrees or radians. 

In radians, 
4

)arg(

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7. iiz 22)1(2 +=+=    →   plot ( )2,2  
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 polar form:   )sin(cos  irz +=        )45sin45(cos2 += iz  

 

 There are several different methods for finding 4z . 

 

 Method 1 

 

 By de Moivre’s theorem:    44 )45sin45(cos2 += iz  

                                                            ( ))45(4sin)45(4cos24 += i  

                )180sin180(cos16 += i  

                           )01(16 i+−=  

                                                            )1(16 −=  

                                                            16−=  

 

 Hence   01616164 =+−=+z ,   as required. 

 

 

 

 

 

 

 

 

 



 Method 2 
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 1616)4)(4( 2224 −==== iiizzz  

 

 Hence   01616164 =+−=+z ,   as required. 

 

 Notes 

 

(1) An alternative way of expressing )1(2 iz +=  in polar form is to first express the 

complex number i+1  in polar form. 

 

 It can easily be shown that in polar form,   )45sin45(cos21 +=+ ii , 

 hence   )45sin45(cos2)45sin45(cos22)1(2 +=+=+= iiiz . 

 

(2) The argument of a complex number can be expressed in degrees or radians. 
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(3) A binomial expansion could also be used to find 
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8.(a) iz += 3    →   plot ( )1,3  
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 Hence   2=z    and   = 30)arg(z . 
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   (c) polar form:   )sin(cos  irz +=        )30sin30(cos2 += iz  

 

By de Moivre’s theorem:    46 )30sin30(cos2 += iz  

                                                            ( ))30(6sin)30(6cos26 += i  

            )180sin180(cos64 += i  

            )01(64 i+−=  

            )1(64 −=  

            64−=  

 

 Note 

 

The argument of a complex number can be expressed in degrees or radians. 

In radians, 
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)arg(
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9.(a) iz −= 3    →   plot ( )1,3 −  

 

                      
 

   (b) To express the complex number azw =  in polar form, first express z in polar form. 
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 polar form:   )sin(cos  irz +=        ( ))30sin()30cos(2 −+−= iz  

 

 Then   ( ))30sin()30cos(2 −+−== iaazw  

                                   ( ))30sin()30cos(2 −+−= ia  

 

   (c) By de Moivre’s theorem:   ( ) 88 )30sin()30cos(2 −+−= iaw  
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 Notes 

 

(1) Remember that   − 180)arg(180 z    or   − )arg(z . 
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11. The quadratic equation   0482 =+− zz    must be solved using the quadratic formula. 

 

1=a , 8−=b , 4=c        ( ) 8168)4)(1(484
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042 − acb , so the equation has non-real roots. 
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Denote the two roots by 1z  and 2z , where   iz 221 +=    and   iz 222 −= . 

 

iz 221 +=    →   plot ( )2,2  
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tan ==        == − 451tan 1  

 

 Hence   21 =z    and   = 45)arg( 1z . 

 

 iz 222 −=    →   plot ( )2,2 −  

 

 Note that 2z  is the complex conjugate of 1z , hence   22 =z    and   −= 45)arg( 2z . 

 

 

 

 

 

 



 The complex numbers 1z  and 2z  are plotted on the Argand diagram below. 

 

                               
 

 Notes 

 

(1)    Remember that   − 180)arg(180 z    or   − )arg(z . 

 

(2) The argument of a complex number can be expressed in degrees or radians. 

In radians, 
4

)arg( 1


=z  and 

4
)arg( 2


−=z . 

 

(3) If you know the modulus and argument of a complex number z, you can write down 

the modulus and argument of the complex conjugate z  since zz =  and 

)arg()arg( zz −= . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



12.(a) i322 +    →   plot ( )32,2  
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 Hence the modulus of the complex number i322 +  is 4 and the argument is 60 . 

 

     (b) We are required to find the two complex numbers z such that iz 3222 += . 

 We therefore need to find the two square roots of the complex number i322 + . 

 

 First express the complex number i322 +  in polar form. 

 

 polar form:   )sin(cos322  iri +=+        )60sin60(cos4322 +=+ ii  

 

 Then   iz 3222 +=        )60sin60(cos42 += iz  

 

 The first square root, 1z , is found using de Moivre’s theorem: 
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On an Argand diagram, the second square root, 2z , will lie directly opposite the first root, 1z , on a 

circle with centre O. 

 

 Hence   ( ) )210sin210(cos2)18030sin()18030cos(22 +=+++= iiz . 

 

 The two square roots are   )30sin30(cos21 += iz    and   )210sin210(cos22 += iz . 

 



     (c) )30sin30(cos21 += iz    and   )210sin210(cos22 += iz  

 

 The two square roots, 1z  and 2z , are plotted on the Argand diagram below. 

 

                                    

 

 Note 

 

The argument of a complex number can be expressed in degrees or radians. 

In radians, the argument of the complex number i322 +  is 
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
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13.(a) i088 +=    →   plot (8, 0) 

 

                       
 

 Without calculation, clearly 8=r  and 0= . 

 

 Hence   )sin(cos8  ir +=    where   8=r  and 0= . 

 

     (b) The three roots of the equation 83 =z  are the three cube roots of 8. 

 

 83 =z        )0sin0(cos83 iz +=  

 

 The first cube root, 1z , is found in polar form using de Moivre’s theorem: 
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 On an Argand diagram, the three cube roots will be equally spaced on a circle with centre O. 
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                and      ( ))120120sin()120120cos(23 +++= iz  

                                                       )240sin240(cos2 += i  

 

 

 

 

 

 

 

 

 

 



The three cube roots can now be expressed in Cartesian form: 
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 (ii) Method 1 

 

Note that 1z , 2z  and 3z  are solutions of the equation 83 =z , hence 8
3

1 =z , 8
3

2 =z  

and 8
3

3 =z . 

 

Then   ( ) ( ) ( )23

3

23

2

23

1

6

3

6

2

6

1 zzzzzz ++=++     

                                   
222 888 ++=  

                                   646464 ++=  

                                   192=  

 

Method 2 
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3z  can be found using de Moivre’s theorem. 
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                                                              64=  

 

 

 

  



)240sin240(cos23 += iz         66

3 )240sin240(cos2 += iz  

                                                              ( ))240(6sin)240(6cos26 += i  

                                                              )1440sin1440(cos64 += i  

                                                              )01(64 i+=  

                                                              )1(64=  

                                                              64=  

 

Hence   192646464
6

3

6

2

6

1 =++=++ zzz . 

 

 Note 

 

Working in radians gives, in polar form,    
 









+=

3

2
sin

3

2
cos22


z    and   








+=

3

4
sin

3

4
cos22


z . 

 

14. Let yixz += . 

 

 Then   2=+ iz        2)( =++ iyix  

             2)1( =++ iyx  

          2)1( 22 =++ yx  

          4)1( 22 =++ yx  

  

 The equation of the locus of z in the complex plane is   4)1( 22 =++ yx . 

 The locus of z is the set of points on the circle with centre (0, −1) and radius 2. 

 

 Notes 

 

(1) The modulus of the complex number bia +  is given by 
22 babia +=+ . 

 

(2) The equation of the circle with centre (a, b) and radius r is 
222 )()( rbyax =−+− . 

 

 

 

 

 

 

 

 

 

 



15.(a) Let yixz += . 

 

 Then   31 =−z        31)( =−+ yix  

             3)1( =+− yix  

          3)1( 22 =+− yx  

          9)1( 22 =+− yx  

  

 The equation of the locus of z in the complex plane is   9)1( 22 =+− yx . 

 The locus of z is the set of points on the circle with centre (1, 0) and radius 3. 

 

(b) If   31 −z ,   the locus of z is the set of points on or inside the circle with centre (1, 0) and 

radius 3. 

 

 The region in the complex plane given by 31 −z  is shaded in the diagram below. 

 

                            
 

 Notes 

 

(1) The modulus of the complex number bia +  is given by 
22 babia +=+ . 

 

(2) The equation of the circle with centre (a, b) and radius r is 
222 )()( rbyax =−+− . 

 

 

 

 

 

 

 

 



16. Let yixz += . 

 

 Then   izz +=− 2        iyixyix ++=−+ )(2)(  

         iyxyix )1()2( ++=+−  

         2222 )1()2( ++=+− yxyx  

         2222 )1()2( ++=+− yxyx  

         1244 2222 +++=++− yyxyxx  

         1244 +=+− yx    

         0324 =+−− yx  

            0324 =−+ yx  

 

 Hence   0=++ cbyax    where 4=a , 2=b  and 3−=c . 

 

The equation of the locus of z is of the form 0=++ cbyax , hence the locus of z is a 

straight line. 

 

 The locus of z is the set of points on the straight line with equation 0324 =−+ yx . 

 

To sketch the straight line with equation 0324 =−+ yx , find the points where the line 

crosses the x-axis and y-axis. 

 

The line crosses the y-axis when 0=x        032)0(4 =−+ y  

              032 =−y  

                   32 =y  

                     
2

3
=y        point 









2

3
,0  

 

The line crosses the x-axis when 0=y        03)0(24 =−+x  

               034 =−x  

                     34 =x  

                       
4

3
=x        point 








0,

4

3
 

 

 

 

 

 

 

 

 

 



The locus of z is shown on the Argand diagram below. 

 

                   
 

Note 

 

The modulus of the complex number bia +  is given by 22 babia +=+ . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



17. Let yixz += . 

 

 Then   izz 22 +−=        iyixyix 22)( +−+=+  

           iyxyix )2()2( ++−=+  

           2222 )2()2( ++−=+ yxyx  

           2222 )2()2( ++−=+ yxyx  

           4444 2222 ++++−=+ yyxxyx  

           44440 +++−= yx  

           8440 ++−= yx  

           0844 =−− yx  

           02 =−− yx   

           2−= xy       

 

 The locus of z is the set of points on the straight line with equation 2−= xy . 

 

To sketch the straight line with equation 2−= xy , find the points where the line crosses the 

x-axis and y-axis. 

 

The line crosses the y-axis when 0=x        220 −=−=y        point (0, −2) 

            

The line crosses the x-axis when 0=y        20 −= x        2=x        point (2, 0) 

 

The locus of z is shown on the Argand diagram below. 

 

                                    
 

Note 

 

The modulus of the complex number bia +  is given by 
22 babia +=+ . 

 



18.(a) Let yixz += . 

 

 Then   1=+ iz        1)( =++ iyix  

             1)1( =++ iyx  

          1)1( 22 =++ yx  

          1)1( 22 =++ yx  

  

 The equation of the locus of z in the complex plane is   1)1( 22 =++ yx . 

 The locus of z is the set of points on the circle with centre (0, −1) and radius 1. 

 

     (b) Let   yixz += . 

 

Then   51 +=− zz        5)(1)( ++=−+ yixyix  

         yixyix ++=+− )5()1(  

         2222 )5()1( yxyx ++=+−  

         2222 )5()1( yxyx ++=+−  

         2222 251012 yxxyxx +++=++−  

         251012 +=+− xx  

         02412 =−− x  

            02412 =+x  

                 02 =+x   

                       2−=x       

 

 The equation of the locus of z in the complex plane is 2−=x . 

 The locus of z is the set of points on the vertical line with equation 2−=x . 

 

 Notes 

 

(1) The modulus of the complex number bia +  is given by 
22 babia +=+ . 

 

(2) The equation of the circle with centre (a, b) and radius r is 222 )()( rbyax =−+− . 

 

 

 

 

 

 

 

 

 

 



19.(a) Let   yixz += . 

 

 Then   4
22 −= zz        4)(

22 −+=+ yixyix  

                 ( ) 42
2

22222 −+=++ yxiyxyix  

                 42 2222 −+=−+ yxyxyix  

                 42)( 2222 −+=+− yxxyiyx  

 

 Equating real parts       42222 −+=− yxyx  

             422 −=− yy  

             42 2 =y  

               22 =y  

                 2=y  

 

 Equating imaginary parts       02 =xy        0=xy    ...(1) 

 

 Substitute 2=y  into equation (1)       ( ) 02 =x        0=x        iiz 220 =+=  

 

 Substitute 2−=y  into equation (1)       ( ) 02 =−x        0=x     

             ( ) iiz 220 −=−+=  

 

 Hence the two solutions of the equation are   iz 2=    and   iz 2−= . 

 

     (b) Let   yixz += . 

 

 Then   )4(
22 −= ziz        ( )4)(

22 −+=+ yixiyix  

          )4(2)( 2222 −+=+− yxixyiyx         [using the working in (a)] 

 

 Equating real parts       022 =− yx        22 xy =        xy =  

 

 Equating imaginary parts       42 22 −+= yxxy    ...(2) 

 

 Substitute xy =  into equation (2)       4)(2 22 −+= xxxx  

                   422 22 −= xx  

                       40 −=  

 

 This equation has no solution, hence xy  . 

 

 

 



 Substitute xy −=  into equation (2)       4)()(2 22 −−+=− xxxx  

                     42 222 −+=− xxx  

                     422 22 −=− xx  

             44 2 =x  

               12 =x  

                 1=x  

 

 xy −= , so when 1=x , 1−=y        iz −= 1  

 

 xy −= , so when 1−=x , 1=y        iz +−= 1  

 

 Hence the two solutions of the equation are   iz −= 1    and   iz +−= 1 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



20.(a)  sincos iz +=  

 

 By the binomial theorem:  

 
44 )sin(cos  iz +=  

      31221304 )sin()(cos
3

4
)sin()(cos

2

4
)sin()(cos

1

4
)sin()(cos

0

4
 iiii 








+








+








+








=  

      40 )sin()(cos
4

4
 i








+  

      443322234 sin)sin(cos4)sin(cos6)sin(cos4cos iiii ++++=  

      432234 sin1sin)(cos4sin)1(cos6)sin(cos4cos +−+−++= ii  

      432234 sinsincos4sincos6sincos4cos +−−+= ii  

     )sincos4sincos4()sinsincos6(cos 334224  −++−= i  

 

real part of 4z  4224 sinsincos6cos +−=  

 

imaginary part of 4z  33 sincos4sincos4 −=  

 

     (b) By de Moivre’s theorem:    4sin4cos)sin(cos 44 iiz +=+=  

 

     (c) Equating real parts of 4z         4224 sinsincos6cos4cos +−=  

 

(d)  4224 sinsincos6cos4cos +−=    

 

To express 4cos  in the form   pk nm +− )cos(cos  ,   we must write 2sin  and 4sin  

in terms of cos . 

 

1cossin 22 =+          22 cos1sin −=  

 

 4222224 coscos21)cos1)(cos1(sinsinsin +−=−−==  

 

Hence    4224 sinsincos6cos4cos +−=  

                            42224 coscos21)cos1(cos6cos +−+−−=  

                            42424 coscos21cos6cos6cos +−++−=  

                           1cos8cos8 24 +−=   

                           1)cos(cos8 24 +−=   

 

Hence   pk nm +−= )cos(cos4cos     where 8=k , 4=m , 2=n  and 1=p . 

 

 

 



21.(a) Let    sincos iz += . 

 

 By de Moivre’s theorem:    5sin5cos)sin(cos 55 iiz +=+=  

 

 By the binomial theorem: 

 

 55 )sin(cos  iz +=  

                32231405 )sin()(cos
3

5
)sin()(cos

2

5
)sin()(cos

1

5
)sin()(cos

0

5
 iiii 








+








+








+








=  

                    5041 )sin()(cos
5

5
)sin()(cos

4

5
 ii 








+








+  

    554433222345 sin)sin(cos5)sin(cos10)sin(cos10)sin(cos5cos iiiii +++++=  

    54322345 sinsin)1(cos5sin)(cos10sin)1(cos10)sin(cos5cos iii ++−+−++=  

    54322345 sinsincos5sincos10sincos10sincos5cos iii ++−−+=  

   )sinsincos10sincos5()sincos5sincos10(cos 53244235  +−++−= i  

 

 Equating imaginary parts of 5z         5324 sinsincos10sincos55sin +−=  

 

 Hence    5324 sinsincossincos5sin mlk ++=    where 5=k , 10−=l  and 1=m . 

 

     (b)  5324 sinsincos10sincos55sin +−=  

 

To express 5sin  entirely in terms of sin , we must write 4cos  and 2sin  in terms of 

sin . 

 

1cossin 22 =+          22 sin1cos −=  

 

 4222224 sinsin21)sin1)(sin1(coscoscos +−=−−==  

 

Hence    5324 sinsincos10sincos55sin +−=  

                           53242 sinsin)sin1(10sin)sinsin21(5 +−−+−=  

                           52342 sin)sin1(sin10)sinsin21(sin5 +−−+−=  

                           55353 sinsin10sin10sin5sin10sin5 ++−+−=  

                           53 sin16sin20sin5 +−=  

 

 53 sin16sin20sin55sin +−=    or    sin5sin20sin165sin 35 +−=  

 

 

 

 

 



22.(a) Let    sincos iz += . 

 

 By the binomial theorem: 

 
44 )sin(cos  iz +=  

      31221304 )sin()(cos
3

4
)sin()(cos

2

4
)sin()(cos

1

4
)sin()(cos

0

4
 iiii 








+








+








+








=  

      40 )sin()(cos
4

4
 i








+  

      443322234 sin)sin(cos4)sin(cos6)sin(cos4cos iiii ++++=  

      432234 sin1sin)(cos4sin)1(cos6)sin(cos4cos +−+−++= ii  

      432234 sinsincos4sincos6sincos4cos +−−+= ii  

     )sincos4sincos4()sinsincos6(cos 334224  −++−= i  

 

Hence   ivuz +=4
   where    4224 sinsincos6cos +−=u     

                                   and        33 sincos4sincos4 −=v . 

 

     (b) By de Moivre’s theorem:    4sin4cos)sin(cos 44 iiz +=+=  

 

     (c) First find an expression for 4cos . 

 

 Equating real parts of 4z         4224 sinsincos6cos4cos +−=  

 

To show that   r
q

prqp ++=++=






2

222

2 cos
cosseccos

cos

4cos
,  note that this 

expression involves cos  only which suggests that we write 4cos  entirely in terms of 

cos . 

 

 4224 sinsincos6cos4cos +−=    

 

To express 4cos  entirely in terms of cos , we must write 2sin  and 4sin  in terms of 

cos . 

 

1cossin 22 =+          22 cos1sin −=  

 

 4222224 coscos21)cos1)(cos1(sinsinsin +−=−−==  

 

Hence    4224 sinsincos6cos4cos +−=  

                            42224 coscos21)cos1(cos6cos +−+−−=  

                            42424 coscos21cos6cos6cos +−++−=  

                           1cos8cos8 24 +−=   

 










2

24

2 cos

1cos8cos8

cos

4cos +−
=  

            







22

2

2

4

cos

1

cos

cos8

cos

cos8
+−=  

             22 sec8cos8 +−=   [since 



2

2

cos

1
sec = ] 

           8seccos8 22 −+=   

 

Hence   rqp ++= 


 22

2
seccos

cos

4cos
   where 8=p , 1=q  and 8−=r . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



23.(a)  sincos iz +=  

 

 By de Moivre’s theorem:    4sin4cos)sin(cos 44 iiz +=+=  

 

 By the binomial theorem: 

 
44 )sin(cos  iz +=  

      31221304 )sin()(cos
3

4
)sin()(cos

2

4
)sin()(cos

1

4
)sin()(cos

0

4
 iiii 








+








+








+








=  

      40 )sin()(cos
4

4
 i








+  

      443322234 sin)sin(cos4)sin(cos6)sin(cos4cos iiii ++++=  

      432234 sin1sin)(cos4sin)1(cos6)sin(cos4cos +−+−++= ii  

      432234 sinsincos4sincos6sincos4cos +−−+= ii  

     )sincos4sincos4()sinsincos6(cos 334224  −++−= i  

 

(i) Equating real parts of 4z                   4224 sinsincos6cos4cos +−=  

 

(ii) Equating imaginary parts of 4z         33 sincos4sincos44sin −=  

 

     (b) 









4224

33

sinsincos6cos

sincos4sincos4

4cos

4sin
4tan

+−

−
==  [now divide all terms by 4cos ] 

 

                                      





















4

4

4

22

4

4

4

3

4

3

cos

sin

cos

sincos6

cos

cos

cos

sincos4

cos

sincos4

+−

−

=  

 

                                     

















4

4

2

2

3

3

cos

sin

cos

sin6
1

cos

sin4

cos

sin4

+−

−

=  

 

                                     



42

3

tantan61

tan4tan4

+−

−
=  

 

 

 

 

 

 



24.(a)  sincos iw +=  

 

 
)sin)(cossin(cos

)sin(cos1

sincos

11





 ii

i

iw −+

−
=

+
=  

 

                                           



222 sincos

sincos

i

i

−

−
=  

 

                                           



22 sincos

sincos

+

−
=

i
 

 

                                           
1

sincos  i−
=   [since 1cossin 22 =+  ] 

 

        sincos i−=  

 

     (b) By de Moivre’s theorem:    kikiw kk sincos)sin(cos +=+=  

 

 
)sin)(cossin(cos

)sin(cos1

sincos

11





 kikkik

kik

kikw
w

k

k

−+

−
=

+
==−  

 

                                                           




kik

kik
222 sincos

sincos

−

−
=  

 

                                                           




kk

kik
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     (c) By the binomial theorem: 
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 The LHS and RHS of the above equation can be simplified using the fact that 

kww kk cos2=+ −    from (b). 

 

 LHS  4441 cos16)cos2()( ==+= −ww  [since  cos21cos211 ==+ −ww ] 

 

 RHS 4224 464 −− ++++= wwww  

                    6)(4)( 2244 ++++= −− wwww              [grouping terms of the form kk ww −+ ] 

                    6)2cos2(44cos2 ++=               [using kww kk cos2=+ − ] 

                    62cos84cos2 ++=   

 

 Hence   62cos84cos2cos16 4 ++=         
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