
ADVANCED HIGHER MATHEMATICS 

 

Solutions to Exam Questions on Complex Numbers 1 

 

1.(a) ipz 62 −=       ipz 62 +=  

 

 2

21 183122)6)(32( ipiipipizz +++=++=  

            183122 −++= piip   [since 12 −=i ] 

            ipp )312()182( ++−=  

 

    (b) 21zz  is a real number when   0312 =+ p       123 −=p       4−=p  

 

2. Let   biaz +=       biaz −=  

 

 iziz 782 +=+       ibiaibia 78)(2 +=−++  

          ibiaibia 7822 2 +=−++  

          ibaibia 7822 +=+++  [since 12 −=i ] 

          iiabba 78)2()2( +=+++  

 

 Equating real parts      82 =+ ba    ...(1) 

 

 Equating imaginary parts      72 =+ ab       72 =+ ba    ...(2) 

 

 Solving equations (1) and (2) gives 2=a  and 3=b . 

 

 Hence   iz 32 += . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3. iz 21+−=  is given to be a root, hence the complex conjugate iz 21−−=  is also a root. 

 

 First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz 21+−=       factor   ( ))21( iz +−−  

 root   iz 21−−=       factor   ( ))21( iz −−−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz 2)1(2)1()21()21( ++−+=−−−+−−  

                                                         22 4)1( iz −+=  

                                                         4122 +++= zz  [since 12 −=i ] 

                                                         522 ++= zz  

 

 The other factor can be found using algebraic long division. 
 

                            

 Hence   0)3)(52( 2 =+++ zzz     

and the remaining root comes from the equation   03 =+z        3−=z  

 

The roots are   iz 21+−= , iz 21−−=  and 3−=z . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4. Let   iz 21+= . 

 

 iiiiiz 43441441)21( 222 +−=−+=++=+=  

 

 iiiiiizzz 211823823)43)(21( 223 −−=−−−=+−−=+−+==  

 

 Hence   25)21(5)43(32112553 23 ++−+−+−−=+−+ iiizzz  

                                                      25105129211 +−−+−−−= iii  

                                                      0=  

 

 Thus iz 21+=  is a root. 

 

 iz 21+=  is a root, hence the complex conjugate iz 21−=  is also a root. 

 

First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz 21+=       factor   ( ))21( iz +−  

 root   iz 21−=       factor   ( ))21( iz −−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz 2)1(2)1()21()21( +−−−=−−+−  

                                                   22 4)1( iz −−=  

                                                   4122 ++−= zz  [since 12 −=i ] 

                                                   522 +−= zz  

 

 The other factor can be found using algebraic long division. 
 

                            
 

   Hence   0)5)(52( 2 =++− zzz     

and the remaining root comes from the equation   05 =+z       5−=z  

 

The other roots are   iz 21−=  and 5−=z . 

 



5. Let   iz += 1 . 

 

 iiiiiz 212121)1( 222 =−+=++=+=  

 

 2222)1(2 223 −=+=+== iiiiizzz  

 

 Hence   36)1(34)2(1622363416 23 ++−+−=+−+ iiizzz  

                                                          3634343222 +−−+−= iii  

                                                          0=  

 

 Thus iz += 1  is a root. 

 

 iz += 1  is a root, hence the complex conjugate iz −= 1  is also a root. 

 

First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz += 1       factor   ( ))1( iz +−  

 root   iz −= 1       factor   ( ))1( iz −−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz +−−−=−−+− )1()1()1()1(  

                                                22)1( iz −−=  

                                                1122 ++−= zz  [since 12 −=i ] 

                                                222 +−= zz  

 

 The other factor can be found using algebraic long division. 
 

                            

   Hence   0)18)(22( 2 =++− zzz     

and the remaining root comes from the equation   018 =+z       18−=z  

 

The other roots are   iz −= 1  and 18−=z . 

 

 



6. Let   iz += 3 . 

 

 iiiiiz 6816969)3( 222 +=−+=++=+=  

 

 iiiiiizzz 26186262462624)68)(3( 223 +=−+=++=++==  

 

 Hence   20)3(22)68(8261820228 23 −+++−+=−+− iiizzz  

                                                        20226648642618 −++−−+= iii  

                                                        0=  

 

 Thus iz += 3  is a root. 

 

 iz += 3  is a root, hence the complex conjugate iz −= 3  is also a root. 

 

First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz += 3       factor   ( ))3( iz +−  

 root   iz −= 3       factor   ( ))3( iz −−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz +−−−=−−+− )3()3()3()3(  

                                                22)3( iz −−=  

                                                1962 ++−= zz  [since 12 −=i ] 

                                                1062 +−= zz  

 

 The other factor can be found using algebraic long division. 
 

                            
    

Hence   0)2)(106( 2 =−+− zzz     

and the remaining root comes from the equation   02 =−z        2=z  

 

The other roots are   iz −= 3  and 2=z . 

 

 



7. Let   iz 33+= . 

 

 iiiiiz 1891899189)33( 222 =−+=++=+=  

 

 54545454)33(18 223 −=+=+== iiiiizzz  

 

 Hence   108)33(185454108183 ++−−=+− iizz  

                                                 10854545454 +−−−= ii  

                                                 0=  

 

 Thus iz 33+=  is a root. 

 

 iz 33+=  is a root, hence the complex conjugate iz 33−=  is also a root. 

 

First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz 33+=       factor   ( ))33( iz +−  

 root   iz 33−=       factor   ( ))33( iz −−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz 3)3(3)3()33()33( +−−−=−−+−  

                                                    22 9)3( iz −−=  

                                                    9962 ++−= zz  [since 12 −=i ] 

                                                    1862 +−= zz  

 

 The other factor can be found using algebraic long division. 
 

                            

   Hence   0)6)(186( 2 =++− zzz     

and the remaining root comes from the equation   06 =+z        6−=z  

 

The other roots are   iz 33−=  and 6−=z . 

 

 



8. Let   iz = . 

 

 122 −== iz   iizzz −=−== )1(23   1)1)(1(224 =−−== zzz  

 

 Hence   24)1(3)(412434 234 ++−+−+=++++ iizzzz  

                                                               24341 ++−−= ii  

                                                               0=  

 

 Thus iz =  is a root. 

 

 iz =  is a root, hence the complex conjugate iz −=  is also a root. 

 

First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz =       factor   )( iz −  

 root   iz −=       factor   ))(( iz −−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 1))(())()(( 222 +=−=+−=−−− ziziziziziz  [since 12 −=i ] 

                                                     

 The other factor can be found using algebraic long division. 
 

                            

 Hence   0)24)(1( 22 =+++ zzz     

and the remaining roots come from the equation   0242 =++ zz . 

 

1=a , 4=b , 2=c       8)2)(1(444 22 =−=− acb  

  

042 − acb , so the equation has two real and distinct roots which can be found using the 

quadratic formula. 

 

 



22
2

224

)1(2

84

2

42

−=
−

=
−

=
−−

=
a

acbb
z  

 

The roots are iz = , iz −= , 22 +−=z  and 22 −−=z . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



9. iz +−= 2  is given to be a root, hence the complex conjugate iz −−= 2  is also a root. 

 

 First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz +−= 2       factor   ( ))2( iz +−−  

 root   iz −−= 2       factor   ( ))2( iz −−−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz ++−+=−−−+−− )2()2()2()2(  

                                                     22)2( iz −+=  

                                                     1442 +++= zz  [since 12 −=i ] 

                                                     542 ++= zz  

 

 The other factor can be found using algebraic long division. 

 

                            
 

Hence   0)63)(54( 22 =+−++ zzzz     

and the remaining roots come from the equation   0632 =+− zz . 

 

1=a , 3−=b , 6=c       15)6)(1(4)3(4 22 −=−−=− acb  

  

042 − acb , so the equation has non-real roots which can be found using the quadratic 

formula. 
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The other roots are iz −−= 2 , 
2

153 i
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10.(a) iz += 2  is given to be a root, hence the complex conjugate iz −= 2  is also a root. 

 

     (b) Method 1 

 

iz += 2  is a root, so iz += 2  will satisfy the equation 022166 234 =+−+− qzzzz . 

 

 Let   iz += 2 . 

 

 iiiiiz 4314444)2( 222 +=−+=++=+=  

 

 iiiiiizzz 11241164116)43)(2( 223 +=−+=++=++==  

 

 iiiiiizzz 2471624916249)43)(43( 2224 +−=−+=++=++==  

 

                       022166 234 =+−+− qzzzz  

     0)2(22)43(16)112(6247 =++−+++−+− qiiii  

     0224464486612247 =+−−++−−+− qiiii  

     0224464486612247 =+−−++−−+− qiiii  

     015 =+− q  

               15=q  

 

 Hence the polynomial equation is   01522166 234 =+−+− zzzz . 

 

 Now find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz += 2       factor   ( ))2( iz +−  

 root   iz −= 2       factor   ( ))2( iz −−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz +−−−=−−+− )2()2()2()2(  

                                                 
22)2( iz −−=  

                                                 1442 ++−= zz  [since 12 −=i ] 

                                                 542 +−= zz  

 

  

 

 

 

 

 



The other factor can be found using algebraic long division. 
 

               
 

Hence   0)32)(54( 22 =+−+− zzzz     

and the remaining roots come from the equation   0322 =+− zz . 

 

1=a , 2−=b , 3=c       8)3)(1(4)2(4 22 −=−−=− acb  

  

042 − acb , so the equation has non-real roots which can be found using the quadratic 

formula. 
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The remaining roots are iz 21+=  and iz 21−= . 

 

Method 2 

 

We know that iz += 2  and iz −= 2  are roots. 

 

First find the factor corresponding to each root. 

 Remember that the factor corresponding to the root =z  is )( −z . 

 

 root   iz += 2       factor   ( ))2( iz +−  

 root   iz −= 2       factor   ( ))2( iz −−  

 

 These two factors can be multiplied together to give a quadratic factor as follows. 

 

 ( )( ) ( )( )iziziziz +−−−=−−+− )2()2()2()2(  

                                                 22)2( iz −−=  

                                                 1442 ++−= zz  [since 12 −=i ] 

                                                 542 +−= zz  

 



The value of q and the other factor can be found using algebraic long division. 
 

                  
 

Since 542 +− zz  is a factor of the polynomial, the remainder must equal zero. 

 

Hence   015 =−q        15=q  

 

The remaining roots come from the equation   0322 =+− zz . 

 

1=a , 2−=b , 3=c       8)3)(1(4)2(4 22 −=−−=− acb  

  

042 − acb , so the equation has non-real roots which can be found using the quadratic 

formula. 

 

i
ii

a

acbb
z 21

2

222

2

82

)1(2

8)2(

2

42

=


=


=
−−−

=
−−

=  

 

The remaining roots are iz 21+=  and iz 21−= . 

 

 

  

 

                                 

 

 

 

 

 


