ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on Complex Numbers 1

l(@ z,=p-6i = Z,=p+6i

2,Z, = (2+3i)(p +6i) = 2p +12i + 3pi + 18i*
=2p+12i+3pi-18 [since i* = —1]
=(2p-18)+ (12 + 3p)i

(b) z,z, isareal numberwhen 12+3p=0 = 3p=-12 = p=-4
2. Let z=a+bi = Z=a-bhi

Z+2iZ=8+7i a+bi+2i(a—bi)=8+7i
a -+ bi + 2ai — 2bi* =8 +7i
a + bi +2ai +2b =8+ 7i [since i* = 1]

(a+2b)+(b+2a)i=8+7i

buy i

Equating real parts = a+2b=8 ..(1)
Equating imaginary parts = b+2a=7 = 2a+b=7 ..(2
Solving equations (1) and (2) gives a=2 and b =3.

Hence z=2+3i.



z =-1+2i is given to be a root, hence the complex conjugate z = —-1—2i is also a root.

First find the factor corresponding to each root.
Remember that the factor corresponding to theroot z=« is (z—-«) .

root z=-1+2i = factor (z—(-1+2i))
root z=-1-2i = factor (z—(-1-2i))

These two factors can be multiplied together to give a quadratic factor as follows.

(z-(-1+2))z—(-1-2i))=((z+1) - 2i)(z +1) + 2i)
~ (2+1) - 4i?
=7 +27+1+4 [since i* = —1]
=72 +27+5

The other factor can be found using algebraic long division.

z +3
7 4+2z45 | Z2+522+11z+15

2 +27 + 5z

322+ 6z+15
325 + 6z+15

0

Hence (z°+2z+5)(z+3)=0
and the remaining root comes from the equation z+3=0 = z

I
|
w

Therootsare z=-1+2i, z=-1-2i and z =-3.



4. Let z=1+2i.
22 =(1+2) =1+4i+4i* =1+4i—4=-3+4i
7% = 72% = (1+ 2i)(=3+ 4i) = —3— 2i + 8i% = —3— 2i —8 = 11— 2i

Hence z°+3z> -5z+25=-11-2i+3(-3+4i)-5(1+2i)+25
=-11-2i—-9+12i—-5-10i + 25
=0

Thus z=1+2i isaroot.
z=1+2i isaroot, hence the complex conjugate z =1-2i is also a root.

First find the factor corresponding to each root.
Remember that the factor corresponding to the root z=« is (z - ).

root z=1+2i = factor (z—(1+2i))
root z=1-2i = factor (z-(1-2i))

These two factors can be multiplied together to give a quadratic factor as follows.

(z-(1+2))z-@1-2i))=((z-D-2i)(z-1)+2i)
= (z-1)% - 4i?
=2 -2z+1+4 [since i’ =-1]
=22-27+5

The other factor can be found using algebraic long division.

z+ 5

2 —2z+45 | 22 +3z2-5z+25

70 —=2z"+ 5z

5z —10z +25
5z° —10z +25

0

Hence (z°—-2z+5)(z+5)=0
and the remaining root comes from the equation z+5=0 = z=-5

The other rootsare z=1-2i and z=-5.



Let z=1+i.

22 =1+’ =1+2i+i*=1+2i—-1=2i

2 =722° =2i(1+1)=2i+2i*=2i-2

Hence z°+162>-34z+36=2i-2+16(2i)—34(1+i)+36
=2i—2+32i—34-34i+36
=0

Thus z=1+1i isaroot.

z=1+1 isaroot, hence the complex conjugate z =1—1 is also a root.

First find the factor corresponding to each root.
Remember that the factor corresponding to the root z=« is (z - ).

root z=1+i = factor (z—(1+i))
root z=1-i = factor (z—-(1-i))

These two factors can be multiplied together to give a quadratic factor as follows.

(Z-@+i)z-@-)=(z-D-i)z-D)+i)

—(z-1)?-i?
=72 -2z+1+1 [since i* = 1]
=7°-21+2

The other factor can be found using algebraic long division.

z+18

72 —2z42 | Z°+16z° —34z+36

72— 2774+ 2z

182" — 362 +36
182° — 362 +36

0

Hence (z°-2z+2)(z+18)=0
and the remaining root comes from the equation z+18=0 —= z=-18

The other rootsare z=1-i and z=-18.



Let z=3+1.
22 =(3+i1)°=9+6i+i°=9+6i—1=8+6i
2° =72° = (3+1)(8+6i) = 24 + 26i + 6i° = 24 + 26i — 6 = 18 + 26i

Hence z°—8z°+22z—20 =18+ 26i —8(8+6i)+22(3+i)—20
=18 + 26i — 64 —48i + 66 + 22i — 20
=0

Thus z =3+ isaroot.

z =3+1 isaroot, hence the complex conjugate z =31 isalso a root.

First find the factor corresponding to each root.
Remember that the factor corresponding to the root z=« is (z - ).

root z=3+i = factor (z—(3+i))
root z=3-i = factor (z—(3-1i))

These two factors can be multiplied together to give a quadratic factor as follows.

(2-@+))Nz-B-D)=(z-3)-iN(z-3) +i)
=(z-3)*-i*
=72 -6z+9+1 [since i* = 1]
=7*-62+10

The other factor can be found using algebraic long division.

z—2
Z2—62z+10 | Z2 —8z7 +22z-20
z —6z° +10z

Hence (z°-6z+10)(z-2)=0
and the remaining root comes from the equation z-2=0 —= z=2

The other rootsare z=3-i and z=2.



Let z=3+3i.

2° =(3+31)* =9+18i+9i* =9+18i —9 =18i

2 = 72% =18i(3 + 3i) = 54i + 54i° = 54i — 54

Hence z°®-18z+108 =54i -54 —18(3+3i)+108
=54j—-54 —54 —54i + 108
=0

Thus z =3+ 3i isaroot.

z =3+ 3i is aroot, hence the complex conjugate z =3-3i is also a root.

First find the factor corresponding to each root.
Remember that the factor corresponding to the root z=« is (z - ).

root z=3+3i = factor (z-(3+3i))
root z=3-3i = factor (z-(3-3i))

These two factors can be multiplied together to give a quadratic factor as follows.

(z—-(3+3i))z—(3-3i))=((z—3) -3i)(z-3) + 3i)

— (z-3)% - 9i?
=2 -6z+9+9 [since i’ =-1]
=7°-6z+18

The other factor can be found using algebraic long division.

z+6
z* —6z+18| z +0z*—18z+108
23—623+182

6z° —36z+108
6z° —36z+108

0

Hence (z°—-6z+18)(z+6)=0
and the remaining root comes from the equation z+6=0 —= z=-6

The other rootsare z=3-3i and z=-6.



22 =it=-1 =72 =i(-1) =i 2 =72 = (-1)(-1) =1

Hence z*+4z°+37°+42+2=1+4(-i)+3(-1) +4i+2

=1-4i-3+4i+2
=0
Thus z =i isaroot.
z =1 is aroot, hence the complex conjugate z = —i is also a root.

First find the factor corresponding to each root.
Remember that the factor corresponding to the root z=« is (z - ).

root z=i = factor (z-i)
root z=-i = factor (z-(-i))

These two factors can be multiplied together to give a quadratic factor as follows.
(z-i)(z-(-)=(z-i)(z+i)=2"-i*=2*+1  [since i’ = -1]
The other factor can be found using algebraic long division.

22 +4z+2

z2+1 442 432+ 4242

4 2
z + z

47 +2z* +4z+2
4z° + 4z

Hence (z° +1)(z°+4z+2)=0

and the remaining roots come from the equation z*+4z+2=0.
a=1,b=4,c=2 = Db*-4ac=4"-41)(2) =8

b* —4ac > 0, so the equation has two real and distinct roots which can be found using the
quadratic formula.



2
—btb’dac _-4++8 _-4+2V2 P
2a 2(1) 2

Therootsare z=i, z=-i, 7=-2++2 and z=-2-+2.



z=-2+1 isgiven to be a root, hence the complex conjugate z =-2—1i is also a root.

First find the factor corresponding to each root.
Remember that the factor corresponding to theroot z=« is (z—-«) .

root z=-2+i = factor (z—(-2+1))
root z=-2—-i = factor (z—(-2-i))

These two factors can be multiplied together to give a quadratic factor as follows.

(z-=(2+D))z-(=2-1)=((z+2) —i)(z+2) +i)
—(2+2)? —i?
=2°+4z+4+1 [since i’ = -1]
=2 +47+5

The other factor can be found using algebraic long division.

z -3z +6
z2+42+5 zt+ 27— 2T + 92430
2 +4z27 +52°

—3z7 -6z + 92430

—3z3 1222 —15;

622 + 24z +30
622 + 24z +30

0

Hence (z°+4z+5)(z°-32+6)=0
and the remaining roots come from the equation z°-3z+6=0.

a=1,b=-3,c=6 = b*-4ac=(-3)"-41)(6)=-15

b® —4ac < 0, so the equation has non-real roots which can be found using the quadratic
formula.

,_—bxvb’dac —(-3)£/-15 315
2a 2(1) 2

3+ /15i 3—/15i
and z = )

2 2

The other rootsare z=-2-i, z =




10.(a) z=2+1 isgiven to be a root, hence the complex conjugate z =2 —i is also a root.
(b) Method 1
z=2+iisaroot, so z = 2+i will satisfy the equation z* —6z° +16z> —22z+q=0.
Let z=2+i.
22 =2+1)° =4+4i+i*=4+4i-1=3+4i
2 =722 =(2+1)(B3+4i) =6 +11i + 4i* =6 +11i —4 = 2 +11i
2% = 2227 = (3+4i)(3+ 4i) = 9+ 24i +16i° = 9+ 24i —16 = —7 + 24i

2* —62° +162° -222+q=0

= —7+24i-6(2+11i)+16(3+4i)—22(2+i)+q=0
= —T7+24i-12-66i+48+64i—-44-22i+q=0
= —T7+24i-12-66i+48+64i—44-22i+q=0
= -15+q9=0

= q=15

Hence the polynomial equation is z* —6z° +16z* —22z+15=0.

Now find the factor corresponding to each root.
Remember that the factor corresponding to the root z=« is (z - a).

root z=2+i = factor (z—(2+i))
root z=2-i = factor (z—(2-i))

These two factors can be multiplied together to give a quadratic factor as follows.

(2-@+D)Nz~(2-1)=(z-2)~i)(z-2)+i)
—(z-2)—i?
=2°-4z+4+1 [since i* = 1]
=2°-4z2+5



The other factor can be found using algebraic long division.

=i 2-+3
22 —4z45 | ' —627 +1621 - 222+15

2t —42° + 52°

—2z% #1122 =222 +15
-2+ 8110z

3z2 122415
3z —12z+15

0

Hence (z>-4z+5)(z°-2z+3)=0

and the remaining roots come from the equation z> -2z +3=0.
a=1,b=-2,¢c=3 = b’-4ac=(-2)*-4(DQB)=-8

b* —4ac < 0, so the equation has non-real roots which can be found using the quadratic
formula.

,_—bybidac —(2)xV-8 _2:8i _2:2/2 13
2a 2(1) 2 2 -

The remaining roots are z=1++/2i and z =1—+/2i.
Method 2
We know that z=2+1i and z=2-1 are roots.

First find the factor corresponding to each root.
Remember that the factor corresponding to theroot z=« is (z—-«) .

root z=2+i = factor (z—(2+i))
root z=2-i = factor (z—(2-i))

These two factors can be multiplied together to give a quadratic factor as follows.

(2-@+DNz—(2-1)=(z-2)~i)(z-2)+i)
=(z-2)%* -i?
=7°—47+4+1 [since i* = -1]
=2°-4z2+5



The value of q and the other factor can be found using algebraic long division.

712z +3

2l —4z +5 zt 627 +16z* =22z +¢

¥ —4z2° + 527

—227 4112 - 22244

227+ 82110z

321 -12z+4¢
3z —12z+15

g—15

Since z° —4z+5 is a factor of the polynomial, the remainder must equal zero.
Hence q-15=0 = q=15

The remaining roots come from the equation z° -2z +3=0.
a=1,b=-2,c=3 = b®-4ac=(-2)*-4(1)(3)=-8

b® —4ac < 0, so the equation has non-real roots which can be found using the quadratic
formula.

: _ :
,_—bivb’dac -(-2)£V-8 248 _242V2i _ . -

2a 2(1) 2 2

The remaining roots are z =1+ V2i and z=1-/2i.



