ADVANCED HIGHER MATHEMATICS

Solutions to Exam Questions on the Binomial Theorem

1. (a®-3)*

_ (gJ(a2)4(—3)0 + @(az )(-3) + (;j(az)z(—3)2 ¥ @(32)1(4)3 + [ij(az)o(‘3)4

=a®+4a°(-3)+6a*(9) +4a*(-27) +81
=a’-12a°® +54a* —108a® + 81

o)
e (4o (e oo

TR 1. 1
=—X"+ 4(5 X )(—3) + 6(1 X j(9) + 4(5 xj(—27) +81

1. 3.5 27,

N

—54x +81

3. (x—gj =(x=2x"1)*
X

_442—10 432—11 422—12 412-13 402_14
_[OJX (=2x7) +[Jx (—x)+(2]x (=2x7) +(3]x (=2x7) +(4Jx (=2x7)

= X" +4x3(-2x7") + 6x°(4x7?) + 4x(-8x*) +16x~*
=x* -8x*+24x° -32x* +16x™*

= x* - 8x? +24—3—§+£
G

2Y
4, (b—B) =(b-2b")

5 5 -1\0 5 4 -1\1 5 3 -1\2 5 2 -1\3 5 1 -1\4 5 0 -1\5
:(O]b (~2b™) +(Jb (~2b™) +@b (~2b™) +[3)b (~2b™) +wb (~2b™) +(5Jb (~2b™)

= b® +5b*(~2b 1) +10b°(4b2) + 10b? (~8b ) + 5b(16b ™) — 32b°*
= b® —10b° + 40b —80b ™" + 80b~° — 32b™
80 80 32

=b® —100° +40b— — + — —>=
b b b



4
5. (xz _E) =(x*-2xh*
X

_4 2\4 2—10 4 233 2—11 4 2\2 2—12 4 2\1 2—13 4 2,0 2—14
—(OJ(X )" (=2x7) +(1](X ) (=2x7) +(2](X )" (=2x7) +(3)(X ) (=2x7) +(4J(X ) (=2x7)
=x® +4x°(=2x7") + 6x* (4x7?) + 4x*(-8x %) +16x "

=x®—8x°+24x* -32x 7t +16x7*

:x8—8x5+24x2—g+¥
X X
2 4
6. (x3——j =(x*=2x™1)*
X

4 3\4 -1,0 4 333 -1\1 4 3y2 -1\2 4 3\1 -143 4 340 -1\4
={OJ(X )" (=2x7) +(J(X ) (=2x7) +(ZJ(X )7 (=2x7) +(3J(X ) (=2x7) +[4J(X ) (=2x7)
= X2 +4x7(=2x) +6x°(4x7%) + 4x3(-8x°) + 16x*

=x2 -8x% +24x* —32x° +16x*
16

=x?-8x® +24x* =32+ =
X

3 4
7. (Za——) =(2a-3a™")*
a

4 4 -1,0 4 3 -1\1 4 2 -1\2 4 1 -143 4 0 -1\4
=(Oj(2a) (-3a™) J{J(Za) (-3a™) +(2](2a) (=3a™) +(3)(2a) (-3a™) J{‘J(Za) (-3a™)
=16a* + 4(8a*)(—3a™") + 6(4a?)(9a?) + 4(2a)(-27a*) + 81a™*

=16a* —96a® + 216a° — 216a* +8la™

=16a* - 96a’ +216—2—126+ﬂ
a

a4

2 4
8. (3X——2) =(3x—2x7%)*
X

_4342—20 4332—21 4322—22 4312—23 4302—24
_(Oj( X)" (=2x7%) +(1J( X)*(=2x77) +[2j( X)*(=2x7%) +[3J( X)"(—2x7%) +[4J( X)"(=2x7%)
=81x" +4(27x3)(-2x7%) + 6(9x*)(4x~*) + 4(3x)(-8x°) +16x°®

=81x* — 216X + 216X 2 —96Xx° +16Xx®

:81x4—216x+2—126—9—§+¥
x> x° X



2 3
9. (7—5yj =(2y? -5y)°

3 3 3 3
= (OJ(Z y ) (-5y)° + (1](2 y )2 (-5y)' + @(2 y ) (-5y)* + @(2 y ) (-5y)°

=8y ~° +3(4y*)(-5y) +3(2y*)(25y*) —125y°
=8y *—60y°+150y° —125y°

_8 90 450 105y
y

6

10. X—Z—EJ :(lxz—Zx‘lj5
3 X 3
L e e
5Y1 , ! (91, ° _1\5
. 4}(§x)(—zx ) +@(§x j (-2x°")

Lo gLy (—2x1)+10[i x® |(4x7?)+10 Ly (-8x°)+5 1y (16x7*) —32x™°
243 81 27 9 3
_ b o 10, 80, 80, 80y gy
243 81 27 9 3
x 10x” 40x* 80x 80 32
+ —— -

N V5

243 81 27 9 3* X

4 4 4 4 4
11. eX+2) =1 ()2 +| |(e)°2 +| |(€)?2% +| _ [(e)'2% +| |(e)°2*
@ ( ) (OJ( ) (1]( ) (ZJ( ) [SJ( ) LJ( )
=e™ +4(e¥)2+6(e**)4+4(e*)8+16
=e" +8e™ +24e* +32e” +16

(b) j (e* +2)*dx = j (e +8e% + 246 +32¢e* +16)dx
:Ee4X +8 le3X +24 1e2X +32e* +16x+C
4 3 2

= le4X +ge3X +12e* +32e* +16x+C

4



12.

13.

(x* +3x)°

n
general term = ja”‘rbr where a=x?, b=3x and n=8
r

= 00 = 0

-~ 00 = O

(X2)87r (3X)r
X16—2r 3r Xr

3r X16—2r+r

3" xler where 0<r<8

The term in x** occurswhen 16-r=13 = r=3

8
Termin x® = (3)33 X2 =56(27)x" =1512x"

Hence the coeffici

ent of x** is 1512.

1 10
(xz + —J =(x* +x7)%
X

n
general term = Ja”rbr where a=x*, b=x"and n=10

r
10

— . (X2)107r(xfl)r
10

— X20—2rX—r
r

— 10 X20—2r—r
r
10

= X203 where 0<r<10
r

The term in x** occurswhen 20-3r=14 = 3r=6 = r=2

10
Term in x* = ( ) sz“(z) = 45x*



14.(a) (2X+x_52j = (2x +5x7%)°

n
general term=| [@"'b’ where a=2x, b=5x"and n=9
r
9
= @0 ey
9
— 294’ X97I‘ 5I’ X72I‘
r
— 9 29—r5r X9—r—2r
r
9 9-rpr ,9-3r
= [27'5"x"" where 0<r<9
r

(b) The term in independent of x is the term in x°.

The term independent of x occurswhen 9-3r=0 = 3r=9 = r=3

9
Term independent of x= [3}29353’ x> = 84(64)(125)x° =672 000

1 10
15. (— + 3xj =(xt+3x)"°
X

n
general term = Ja”'br where a=x", b=3x and n=10

r
10

— . (X—l)lo—r (3X)r
10

— XflOJrI‘ 3I’ XI’
r

— 10 3r X—10+r+r
r
10

=, 3 x> where 0<r<10

The termin x° occurswhen 2r-10=6 = 2r=16 — r=38

10
Termin x° = ( o j38X2(8)_10 = 45(6561)x° =295 245 x°



3 13
16. (— - ZXJ =(Bx"-2x)"
X

n
general term = ]a”‘rbr where a=3x", b=-2x and n=13
r

13) s, ;
=, (3x™)* " (-2x)

13
— . 3134’ X713+I' (_2)[‘ Xr

13
— 313—r (_2) r X—13+r+r
r

13
=" 3% (-=2)'x*™ where 0<r<13
r

Thetermin x° occurswhen 2r-13=9 —= 2r=22 = r=11

13
Termin x° = (11}313_11 (=2)" x*UD 1 — 78(9)(—2048)x° = —1 437 696 x°

1 9
17. (ZX——Z) =(2x-x7?)°
X

n
general term = Ja”’br where a=2x, b=-x?and n=9
r

(2X)9—r (_X—Z)r
294’ X9—r (_1) r X72I'

294‘ (_1) r X9—r—2r

2°"(-D"'x**  where 0<r<9

- O = ©O = © = O

The term in independent of x is the term in x°.

The term independent of x occurswhen 9-3r=0 = 3r=9 = r=3

9
Term independent of x= [3)29‘3(—1)3 x*3® =84(64)(-1)x° = -5376



5 6
18. [2x——2j =(2x-5x7%)°
X

n
general term = r]a”"br where a=2x, b=-5x2and n=6

6

=| ~|[(2x)*" (-5x7?)"
r
6

— 264’ XG*F (_5)I’ X—2r
r
6

— 26—r (_5)r X6—r—2r
r
6 6-r r,6-3r

=| [|27"(-5)"x where 0<r <6
r

The term in independent of x is the term in x°.

The term independent of x occurswhen 6-3r=0 = 3r=6 = r=2

6
Term independent of x= @2“ (-5)?x**? =15(16)(25)x° = 600



n
general term = ja”‘rbr where a=2x", b :%x‘2 and n =10
r

10 '
— (2X—l)10—r(% X—Z}

r

— 10 210—r X—10+r(1jrx—2r
r 4

_ 10 10-r y 10+ (4—1)r X 2"
r

— 10 210—r X—10+r 4—r X—2r
r

— 10 210—rX—lO+r (22)—r X—2r
r

_ 10 D10-1 y 10+7 921 y —=2r
r

10
r

10-r-2r ,-10+r-2r
2 X

10
= 21073 y 10T where 0<r <10
r
1. s
The term in 55 isthetermin x°.
X
.1
The term in — oceurs when -10-r=-13 = r=3
X

10
3

240

Term in ils ={ J21°-3<3> x 1% =120(2)x ** = 240x = 240(%) or —-
X X X

Note

In order to fully simplify the expression for the general term, you must write 4 as 2° and
combine the powers of 2.



20.  We must prove that the LHS of the identity is equal to the RHS.

First simplify each of the binomial coefficients on the LHS using the formula

n) n!
(rj_ r(n-r)!

n+2)  (n+2)!  (n+2)!

( 3 j_ A(n+2)-3) 6(n—1)!
_(n+2)(n+1)n(n-1)..3.2.1
~6(n-1)(n—2)(n—23)..3.2.1
~(n+2)(n+Dn
=
_n(n+1)(n+2)
=S

[cancelling (n —1)(n-2)(n-3)...3.2.1]

ny,, ot n
(3} ~3A(n-3) 6(n-3)!
_n(n-1)(n-2)(n-3)..3.2.1
~6(n—3)(n—4)(n-5)..3.2.1
_n(n-1)(n-2)
6

[cancelling (n—3)(n—4)(n-5)...3.2.1]

LHS:(nng_(nJ _nn+)(n+2) n(n-1)(n-2)

3 6 6
_n(n+1)(n+2)-n(n-1)(n-2)
- 6
_n(n*+3n+2)—n(n*-3n+2)
- 6
- n*+3n*+2n-n°+3n%*-2n
- 6
_6n?

"6
=n?
=RHS



21.  We must prove that the LHS of the identity is equal to the RHS.

First simplify each of the binomial coefficients on the LHS using the formula
n n!
r) rnn-r)

n+1)  (h+1)!  (n+1)!

( 3 ]_ A((n+1)—-3) 6(n—2)!
_(n+Dn(n-1)(n-2)..3.2.1
~6(n—2)(n-3)(n—4)..3.2.1
_(n+Dn(n-1)
- 6
~n(n+1)(n-1)
=

[cancelling (n—2)(n—-3)(n—4)...3.2.1]

n n! n!
(3) “3(h-3) 6(n-23)
~n(n-1)(n-2)(n-3)..3.2.1
6(n-3)(n-4)(n-5)..3.2.1
n(n-1)(n-2)
SR —

LHS {n +1J_(nj _n(n+H(n-1) n(n-1)(n-2)
3 3 6 6

_n(n+1)(n-1)—n(n-1)(n-2)
- 6
_n(n*-1)-n(n*-3n+2)

- 6
~n’-n-n’+3n°-2n

- 6

[cancelling (n —3)(n —4)(n-5)...3.2.1]

3n? —3n . : . .
— [divide all terms in the fraction by 3 to simplify]




Now simplify the binomial coefficient on the RHS.

n n! n!
RAS= [2} “2A(M-2) 2(n-2)!

_ n(n-1)(n-2)..3.2.1
"~ 2(n=-2)(n-3)(n-4)..3.2.1

_ n_(nz— 1) [cancelling (n —2)(n—3)(n—4)...3.2.1]

n+1 n n
LHS = RHS, hence — = .
3 3 2



